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Abstract 

A graph G immerses HUH can be obtained from a subgraph of G by 
splitting off edges and removing isolated vertices. In this paper, we 
prove an edge-variant of the Erdds-Posa property with respect to the 
immersion containment in 4-edge-connected graphs. More precisely, 
we prove that for every graph H, there exists a function / such that 
for every 4-edge-connected graph G, either G contains k pairwise edge- 
disjoint subgraphs each immersing H, or there exist at most /(fc) edges 
of G intersecting all such subgraphs. The theorem is best possible in 
the sense that the 4-edge-connectivity cannot be replaced by the 3- 
edge-connectivity. 


1 Introduction 

In this paper graphs are finite and are permitted to have loops and parallel 
edges. Many qnestions in graph theory or combinatorial optimization can be 
formnlated as follows. Given a set of graphs and a graph G, what is the 
maximum number of disjoint subgraphs in G each isomorphic to a member in 
or what is the minimum number of vertices that meet all such subgraphs? 

*chliu@math.princeton.edu. 
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We call the former problem the packing problem and the maximnm nnmber 
the packing nnmber, and we call the latter problem the covering problem 
and the minimnm the covering nnmber. For example, if consists of an 
edge, then the packing nnmber is the maximum size of a matching and the 
covering number is the minimum size of a vertex cover; if is the set of 
cycles, the covering number is the minimum size of a feedback vertex set. 

In view of combinatorial optimization, the covering problem is the dual 
of the packing problem. Furthermore, it is easy to see that the packing 
number is at most the covering number. On the other hand, it is natural to 
ask when the covering number can be bounded by a function of the packing 
number from above. In other words, we hope that the optimal solutions of 
the packing problem and covering problem are bounded by a function of each 
other. 

Formally, a set of graphs has the Erdos-Posa property if for every 
integer k, there exists a number f{k) such that for every graph G, either G 
contains k disjoint subgraphs each isomorphic to a member of T, or there 
exists Z C V{G) with \Z\ < f{k) such that G — Z does not contain a 
subgraph isomorphic to a member of T. A classical result of Erdos and Posa 
[2] states that the set of cycles has the Erdos-Posa property. This theorem 
was later generalized by Robertson and Seymour in terms of graph minors. 

A graph is a minor of another if the hrst can be obtained from a subgraph 
of the second by contracting edges. For every graph H, dehne M.{H) to be 
the set of graphs containing H as a minor. In particular, A4.{H) is the set of 
cycles if H is the loop. Robertson and Seymour [6] proved that Ai{H) has 
the Erdos-Posa property if and only if H is planar. 

A graph is a topological minor of another if the hrst can be obtained from 
a subgraph of the second by contracting edges incident with vertices of degree 
two. For every graph if, dehne TAi{H) to be the set of graphs containing 
H as a topological minor. Unlike graph minors, the Erdos-Posa property for 
TA4.{H) is not equivalent with the planarity of H. The author, Postle and 
Wollan |1] provided a characterization of graphs H in which TA4.{H) has 
the Erdos-Posa property and proved that it is NP-hard to decide whether 
TA4.{H) has the Erdos-Posa property for the input graph H. 

The topological minor relation can be equivalently dehned as follows. A 
graph H with no isolated vertices is a topological minor of another graph 
G if there exist an injection ny from V{H) to V{G) and a function tie that 
maps the edges e = un of if to paths in G from nv{u) to 7ry(n) (if e is a 
loop with the end v, then 7iE{e) is a cycle in G containing vry(n)) such that 
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7 r£;(ei) and 71e{^2) are internally disjoint for distinct edges 61,62 of H. Note 
that we consider a loop as a cycle as well. 

We say that a graph H (allowing isolated vertices) is an immersion of 
a graph G if the mentioned internally disjoint property is replaced by the 
edge-disjoint property. In other words, an H-immersion in G is a pair of 
fnnctions {'Kvi'^e) snch that the following hold. 

• TTv is an injection from V{H) to V{G). 

• tie maps E{H) to a snbgraph of G snch that for every edge e of H, if e 
has distinct ends x, y, then 7iE{e) is a path with ends nv{x) and Tiviy), 
and if e is the loop with end v, then 7 rE( 6 ) is a cycle containing 7iv{,v). 

• If 61,62 are distinct edges of H, TiEi^i) and 7 r£;( 62 ) are edge-disjoint. 

We say that two if-immersions {ttv, tte) and (tt^, tt^) are edge-disjoint if the 
image of is disjoint from the image of tt^. 

As immersions consist of edge-disjoint paths, it is reasonable to ask for 
packing edge-disjoint copies of immersions instead of disjoint copies. Fnrther- 
more, one vertex can meet at least two edge-disjoint copies of immersions, so 
it is more natnral to cover these edge-disjoint snbgraphs by edges instead of 
by vertices. This motivates an edge-variant of the Erdos-Posa property. We 
say that a set jF of graphs has the edge-variant of the Erdos-Posa property if 
for every integer A;, there exists a nnmber f{k) snch that for every graph G, 
either G contains k edge-disjoint snbgraphs each isomorphic to a member of 
E, or there exists Z C E{G) with \Z\ < f{k) snch that G — Z has no snb¬ 
graph isomorphic to a member of E. Raymond, San and Thilikos |S] proved 
that A4.{dr) has the edge-variant of the Erdos-Posa property, where Or is the 
loopless graph on two vertices with r edges. 

For every graph iP, dehne P{H) to be the set of graphs containing H as an 
immersion. P{H) does not have the edge-variant of the Erdos-Posa property 
for every graph H. The necessary conditions for graph H in which EEi{H) 
has the Erdos-Posa property mentioned in [1] are necessary for graph H 
in which P{H) has the edge-variant of the Erdos-Posa property. On the 
other hand, even thongh a family of graphs does not have the edge-variant 
of the Erdos-Posa property, it probably has if we restrict the host graphs 
to a smaller class of graphs. For example, the set of odd cycles does not 
have the edge-variant of the Erdos-Posa property, bnt Kawarabayashi and 
Kobayashi [3] proved that it has the edge-variant of the Erdos-Posa property 


3 


in 4-edge-connected graphs. We address the same direction in this paper and 
prove that for every graph H, X(if) has the edge-variant of the Erdos-Posa 
property in 4-edge-connected graphs. In other words, we prove the following 
theorem. 

Theorem 1.1. For every graph H, there exists a function / : N —)■ N such 
that for every f-edge-connected graph G and for every positive integer k, 
either G contains k edge-disjoint subgraphs each containing H as an immer¬ 
sion, or there exists Z C E{G) with |Z| < f{k) such that G — Z has no 
H -immersion. 

The necessary conditions for which TAi{H) has the Erdos-Posa property 
mentioned in |1] provide necessary conditions for which Z{H) has the edge- 
variant Erdos-Posa property and show that the 4-edge-connectivity cannot 
be replaced by the 3-edge-connectivity. 

We also consider the following version of the half-integral packing problem 
in this paper. For every graph H, an H-half-integral immersion in G is a 
pair of functions such that the following hold. 

• TTy is an injection from V{H) to V{G). 

• tte maps every loop with the end n of Ef to a cycle in G containing 
7iv{v) and maps every non-loop edge e with ends u,v of G to a. path in 
G from nviu) to vry(r;). 

• For every edge e of G, there exist at most two edges 61,62 of H such 
that 6 G 7r£;(6i) and e G 'KE{e 2 ). 

The following theorem shows that the 4-edge-connectivity can be dropped 
if we consider the following version of half-integral packing of half-integral 
immersions. 

Theorem 1.2. For every graph H, there exists a function / : M ^ M such 
that for every graph G and for every positive integer k, either 

1. G contains k H-half-integral immersions (TTy^TT^^), ..., (vry^vr^^) such 
that for every edge e of G, there exist at most two pairs {i, e') with 
1 <i < k and e' G E{H) such that e G 7r^^(6'), or 

2. there exists Z C E{G) with \Z\ < f{k) such that G — Z has no H-half¬ 
integral immersion. 
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Now we sketch the proof of Theorem 11.11 and describe the organization 
of this paper. Tangle is one of the important notions in Robertson and Sey- 
monr’s Graph Minors series. It dehnes an orientation for each separation 
of small order in a graph and has been proven nsefnl in dealing with prob¬ 
lems related with Erdds-Posa property. In Section |2], we develop a similar 
machinery called “edge-tangle” bnt addressing edge-cnts. This is one of the 
cornerstone of this paper. In Section [31 we prove a strnctnre theorem for 
excinding a hxed graph as an immersion when an edge-tangle “grasps” a set 
of many pairwise edge-disjoint bnt pairwise intersecting snbgraphs. It will 
provide the hrst step for the proof of Theorem 11.11 as every graph with no 
k edge-disjoint if-immersions has no certain graphs as immersions as well. 
In Section HI we prove that every “snfficiently large” 4-edge-connected graph 
has an edge-tangle satisfying the property mentioned in Section [3l Finally, 
we prove Theorems 11.11 and 11.21 in Section |5l 

We dehne some notation to conclnde this section. Given a snbset X of the 
vertex-set V(G) of a graph G, the snbgraph of G indnced by X is denoted by 
G[X], and the set of vertices that are not in X bnt adjacent to some vertices 
in X is denoted by Ng{X). When X = {n}, we write as Ng{v) for 

simplicity. We dehne iVclX] = iVG(X)UW andiVcln] = iVG(n)U{n}. A graph 
is simple if it does not contain parallel edges and loops. The line graph of a 
graph G, denoted by L{G), is the simple graph with V{L{G)) = E{G), and 
every pair of vertices x,y ^ V{L{G)) are adjacent in L{G) if and only if x,y 
are two edges having a common end in G. For every v G V{G), dehne cl(n) 
to be the cliqne in L{G) consisting of the edges of G incident with v. Given 
a fnnction / and a snbset S of its domain, we dehne f{S) = {f{x) : x G S}. 
The degree of a vertex n in a graph G, denoted by degg(n), is the nnmber of 
edges of G incident with n, where each loop is connted twice. If G is a graph 
and Y C R(G), then G — F is the graph G[F(G) — F]; if F C F(G), then 
G - F is the graph with F(G - F) = F(G) and E{G - F) = E{G) - Y. For 
a positive integer k, a graph G is k-edge-connected if G contains at least two 
vertices and G — F is connected for every E C E{G) with |F| < k. For every 
positive integer n, we denote the set {1,2, ...,n} by [n] for short. 


2 Tangles and edge-tangles 

A separation of a graph G is an ordered pair (A, B) of edge-disjoint snb¬ 
graphs of G with A U R = G, and the order of (A, B) is |F(A) n V{B)\. A 
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tangle T in G of order 0 is a set of separations of G of order less than 6 such 
that 

(Tl) for every separation (^4, B) of G of order less than 6, either {A, B) E T 
or {B,A) G T; 

(T2) if (Ai, Si), (^ 2 , S 2 ), (/I 3 , S 3 ) G r, then /li U /I 2 U /I 3 ^ G; 

(T3) if {A,B) G r, then V{A) ^ V{G). 

The notion of tangles was hrst dehned by Roberson and Seymour in [7]. We 
call (Tl), (T2) and (T3) the first, second and third tangle axioms, respec¬ 
tively. Note that (T2) implies that if {A, B) G T, then {B,A) ^ T. 

A separation [A, B) of G is normalized if every vertex v E V (A) fl R(S) is 
adjacent to a vertex of A — R(S) and adjacent to a vertex in S — R(A). The 
normalization of a separation (A, S) of a graph G is the separation obtained 
from {A,B) by first removing non-isolated vertices v E V{A) fl V{B) with 
NAiy) C R(S) from A and put all edges of G incident with v into S, and 
second moving all edges in S whose both ends in V{A) fl V{B) into A, and 
hnally removing all isolated vertices of S from S and put them into A. It is 
clear that the normalization of any separation is normalized, and the order 
of the normalization of (A, S) is no more than the order of (A, S). 

Lemma 2.1. Let 6 be a positive integer and T a tangle of order 6 in a graph 
G. Then for every separation {A,B) of G of order less than 6, {A,B) G T 
if and only if its normalization belongs to T ■ 

Proof. Let (A, S) be a separation of G of order less than 9, and let (A', B') 
be its normalization. By (Tl) and (T3), (G[R(A) fl R(i?)], G — ii^(G[R(A) fl 
R(i?)]) G T. Let X be the set of isolated vertices of G. For every x E 
X, (G[{x}],G) G r by (T3), and hence (G[{x}],G - {x}) G T by (T2). 
By repeatedly applying (T2), {G[X],G — X) E T. So (G[R(A) fl ViB)] U 
G[X], G - E{G[V{A) n V{B)]) - X) G T by (Tl) and (T2). 

Suppose that {A, B) E T but {A',B') ^ T. Since the order of {B',A') 
is no more than the order of {A',B'), {B',A') G T by (Tl). Since {A,B), 
{B', A') and (G[R(A) n V{B)] U G[X], G - E{G[V{A) n V{B)]) - X) belong 
to T, (T2) implies that A U R' U G[R(A) fl V{B)] U G[X] 7^ G. In other 
words, A U R' U G[R(A) fl V{B)] does not contain all edges of G. Let e G 
R(G) - R(A U R' U G[R(A) n R(R)]), so e G R(R) - R(R') and e has an end 
not in V (A) fl V (R). But e G R(R) — E{B') implies that e has both ends in 


6 


V{A) n V{B) by the definition of the normalization, a contradiction. This 
proves that (A, B) eT implies that B') G T. 

Suppose that {A,B) ^ T but {A\B') E T. Then {B,A) G T by (Tl). 
Since {A', B'), {B, A) and {G[V{A)nV{B)] UG[X], G-E{G[V{A)nV{B)]) - 
X) belong to r, A'VJBAG[V{A)nV{B)]VJG[X] ^ G by (T2). Hence, some 
edge e' of G is not in U H U G[V{A) fl V{B)]. So e' G E{B') — E{B) and 
e' has some end not in V(A) nV(B). By the definition of the normalization, 
e' is incident with a vertex n of G with Na{v) C V{B). But this implies 
that e' has both ends in V{A) fl H(i?), a contradiction. This proves that 
(H', B') G T implies that (H, B) eT. ■ 

An edge-cut of a graph G is an ordered partition [A,B] of H(G), where 
some of A and B is allowed to be empty. The order of an edge-cut [A.B], 
denoted by |[A,H]|, is the number of edges with one end in A and one end 
in B. For an edge e of G, we write e G [A, B] if e has one end in A and one 
end in B. 

The partner of a normalized separation (A, B) of the line graph L{G) 
of G is the edge-cut [A', B'] of G satisfying that A' is the union of the set 
of isolated vertices of G and the set {n G V{G) : H(cl(n)) C H(A)}, and 
B' = {v E V{G) : H(cl(n)) C V{B)}. Note that the partner of {A, B) is 
well-defined since (A, B) is normalized. 

Lemma 2.2. Let G be a connected graph, and let {A,B) be a separation of 
L{G). If {A, B) is normalized, then the order of {A, B) eguals the order of 
its partner [A', B']. 

Proof. Let e G [A',B'] with ends u,v, where u E A' and v E B'. So 
f^(cl(M)) C V{A) and ^(01(1;)) C V{B). Hence, e G H(c1(m)) n H(cl(r;)) C 
V{A) n V{B). This implies that the order of {A,B) is at least the order of 
[A',B']. 

On the other hand, let e G H(A) 0 V{B). Since (A, B) is normalized, e is 
adjacent to a vertex of T(G) in V{A) — V{B) and a vertex cb of T(G) in 
V{B) — V (A). So e and have a common end x in G, and e and 63 have a 
common end y of G. Since ca ^ V{B), H(cl(a;)) C V{A) and hence x G A'. 
Similarly, l/(cl(|/)) C V{B) and y G B'. So a; 7 ^ y and they are the ends of 
e. This proves that e G [A', B'] and the order of (A, B) is at most the order 
of[A',H']. ■ 

An edge-tangle T in a graph G of order 9 is a set of edge-cuts of G of 
order less than 6 such that the following hold. 
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(El) For every edge-cut [A, B] of G of order less than 6 , either [A, B] E S or 
[B,A\eS; 

(E2) If [Ai, B,], [^ 2 , B 2 ], [As, B,] G then B.nB^nB^^ 0. 

(E3) If [A, B] E S, then G has at least 6 edges incident with vertices in B. 

We call (El), (E2) and (E3) the first, second and third edge-tangle axioms, 
respectively. Note that if an edge-tangle £ of order 6* > 1 in G exists, then 
[0, E(G)] G by (El) and (E2), so \E{G)\ > 0 hy (E3). Furthermore, for 
every [A, B] E £, there exists an edge of G with both ends in B by (E3). 

Given an edge-tangle £ of order 6 in G, the conjugate £ oi £ vs the set 
of separations of L{G) of order less than 0/3 of such that (A, B) E £ ii and 
only if the partner of the normalization of (A, B) is in £. 

Lemma 2.3. Let 9 be a positive integer and G a graph. If £ is an edge-tangle 
of order 39 — 2 of G, then £ is a tangle of order 9 in L{G). 

Proof. We shall prove that £ satisfies tangle axioms (Tl), (T2) and (T3). 
Note that \E{G)\ >39 — 2 since G has an edge-tangle of order 39 — 2 . 

First, we show that £ satishes (Tl). Let (A, B) is a separation of L{G) of 
order less than 9. Let (Ai,i?i) and (i? 2 , A 2 ) be the normalizations of {A,B) 
and {B,A), respectively. And let [A'^,B'f\ and [B 2 ,A'f\ be the partners of 
(Ai,i?i) and (i? 2 ,A 2 ), respectively. If any of [A(^,i?(] and [B 2 ,A'fi is in £, 
then {A,B) or {B,A) is in £, so we may assume that none of [A'^,S(] and 
[i? 2 ,A 2 ] is in £. By Lemma the order of [A[, B[] and [i? 2 ,A 2 ] are less 
than 9, so [B[, A'^] and [A 2 , Bfl are in £ by (El). Note that if n G A(^ n B 2 , 
then V(cl(v)) C V (Ai) nE(i? 2 ), so cl(n) is not an isolated vertex in L(G) and 
E(cl(n)) C V(A) n V{B). Therefore, the number of edges of G incident with 
some vertex in A\ fl B 2 is at most \{}^^A'nB'y(^^m<\V{A)AV{B)\< 0 . 
Hence, (El) implies that either [A'^ni? 2 , B'fijA' 2 \ E £ 01 [B'fijA' 2 , A'^flH^] G £. 
But (E3) excludes the latter case, so [A'^ni? 2 , i?(UA 2 ] G £. However, [B[, A'f\, 
[A' 2 , B'fi and [A'^ fl B 2 , B[ U A 2 ] belong to £, but A'^ fl i ?2 fl {B[ U A 2 ) = 0, 
contradicting (E2). This proves that £ satisfies (Tl). 

Next, we show that £ satishes (T3). Suppose that {A,B) E £ with 
V{A) = V{L{G)). So the partner [A',B'] of the normalization of {A,B) is 
in £. Note that ^(A('y)) ^ V{B) = V{A) n V{B), so the number of 

edges incident with vertices in B' is at most |H(A)nH(i?)| < (30 —3)/3 < 0, 
a contradiction. Consequently, £ satishes (T3). 



Now we suppose that E does not satisfy (T 2 ). So there exist separa¬ 
tions (742,-82), (^3,-83) in E such that Ai U ^2 U ^3 = 8(G). 

For each 1 < i < 3 , let {A*,B*) be the normalization of {Ai,Bi), and let 
[A', .8'] be the partner of {A*,B*). By the dehnition of E, [74',.8'] G E 
for 1 < i < 3 . The number of edges incident with vertices in 
is at most lUenLis'- in?=i''^(^r)l < IflLi''^(^i)l- However, 
V(Bi) C V(Ai n -8j), as Ai U ^2 U ^3 = G. So the number of edges 
incident with vertices in .8' is at most |1JLi V{AinBi)\ < 3 ( 6 * — 1). On 
the other hand, UAg, .8( 0.82 0-83]! < -8']| < 3 ( 6 * — 1 ). So 

[A'^VJA^AA'2,, -8(0-820.83] or [-8(0-820.83,74(07420743] is in E by (El). Since 
[74', - 8 '] G 8 for 1 < i < 3 , (E 2 ) implies that [ 74 ( O 74 ^ O 74 (, - 8 ( O- 8 ( O -83] G E. 
Therefore, there are at least 36 * —2 edges incident with vertices in -8(0-8(0-8(, 
a contradiction. This proves that E satishes (T 3 ). Consequently, 8 is a tangle 
of order 6* in 8(G). ■ 

Let G be a graph and E a collection of edge-cuts of G of order less than 
a positive number 6*, and let X C E{G). Dehne 8 — X to be the set of 
edge-cuts of G — X of order less than 6* — |X| such that [74,-8] G 8 — X if 
and only if [74, . 8 ] G 8. 

Lemma 2.4. Let G be a graph and 6* a positive integer. If E is an edge-tangle 
in G of order 6* and X is a subset of E{G) with |X| < 6*, then E — X is an 
edge-tangle in G — X of order 6* — |X|. 

Proof. If [74,-8] is an edge-cut of order less than 6 — |X| in G — X, 
then [74, -8] is an edge-cut in G of order less than 6*. So 8 — X satishes 
(El). Since 8 satishes (E 2 ), -81 fl -82 fl -83 7^ 0 , for every three edge-cuts 
[741,-81], [742,-82], [743.-83] G 8-X. So 8-X satishes (E 2 ). If [74,- 8 ] G 8-X, 
then [74, -8] G 8, so G contains at least 6* edges incident with vertices in B. 
Hence, G — X contains at least 6* — |X| edges incident with some vertices in 
B. This proves that 8 — X is an edge-tangle of order 6* — |X|. ■ 

Let T be a tangle in a graph G. We say that a subset X of E(G) is free 
with respect to T if there does not exist {A,B) G T of order less than |X| 
such that X C E(74). Let 8 be an edge-tangle in a graph G. We say that 
a subset Y of -8(G) is free with respect to 8 if there exist no Z O Y and 
[74,-8] ^ E — Z of order less than \Y — Z\ such that every edge vnY — Z has 
both ends in 74. 
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Lemma 2.5. Let S be an edge-tangle in a graph G, and let S be the conju¬ 
gate of 8 . Let X be a subset of E{G) and let Y be the subset ofV{L{G)) 
corresponding to X. If X is free with respect to 8 , then Y is free with respect 
to 8 . 

Proof. Suppose that Y is not free with respect to 8 . So there exists a 
separation {A,B) E 8 of L{G) of order less than less than |y| such that 
Y C V{A). We may assume that the order of {A, B) is as small as possible, 
and subject to that, V{B) is as small as possible. So every vertex in V{A) fl 
V{B) — y is adjacent to a vertex in V{A) — V{B) and adjacent to a vertex 
in V{B) — y(A); every vertex in V{A) fl V{B) fl F is adjacent to a vertex 
in V{B) — V{A). Furthermore, B has no isolated vertices. Let {A*,B*) be 
the normalization of {A, B). So V{B*) = V{B) and \V{A*) n V{B*) - X\ = 
\v{A) n v{B)\-\v{A) n v{B) n x|. 

Let [A',B'] be the partner of {A*,B*). Let W be the subset of Y corre¬ 
sponding to V (A) r\V{B) n X. Every edge e in X — W has both ends in A' 
since it corresponds to a vertex in V{A) — V{B). And the order of [A',B'] 
in G - W equals \V{A*) nV{B*) - X\ = \V{A) nV{B)\ - \W\ < |X| - | 1 F|. 
So X is not free with respect to 8 , a contradiction. ■ 

Lemma 2.6. Let 8 be an edge-tangle in a graph G, and let 8 be the conju¬ 
gate of 8 . Let X be a subset of E{G) and let Y be the subset ofV{L{G)) 
corresponding to X. Denote the order of 8 by 6 . IfY is free with respect to 
8 and |y| < 9 , then X is free with respect to 8 . 

Proof. Suppose that X is not free with respect to 8 . So there exists W Y X 
and [A,B] E 8 —W of order less than |X —hF| such that every edge in X — W 
has both ends in A. Dehne B' to be a subgraph of L{G — W) such that V{B') 
corresponds to the edges of G incident with vertices of B. Dehne {Aj B') to 
be a separation of L{G — W) such that V{A') fl V{B') corresponds to the 
edges of G between A and B. Note that the order of {A\ B') is at most the 
order of [A,B] inG-W. So \V {A') IiV{B')\ < |X- 1 F|. 

Let W be the set of vertices of L{G) corresponding to W. Let {A*,B*) 
be a separation of L{G) with V{A*) = V(A')UW' and V{B*) = V{B') UW'. 
So y C V{A*) and \V{A*) n V{B*)\ < |X| < 9 . By (Tl), {A*,B*) e 8 or 
{B*,A*) E 8 . 

Let (A", B") be the normalization of (A*, B*). Since every edge in X — W 
has both ends in A, V (A*) — V(B*) ^ 0 and hence V(B") ^ V(L(G)). Since 
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every vertex in V{A') r\V{B') has a neighbor in V{A') — V(B') and a neighbor 
in V(B') - V(A'), V{A*) n V{B*) - W' C V(A") n V(B"). 

Let [C,-D] be the partner of [A'\B") in G. Then [C^D] = [A^B], so 
{A\B*) e 8. But Y C V{A*) and \V{A*) n V{B*)\ < |X|, so Y is not free 
with respect to 8, a contradiction. This proves that X is free with respect 
to 8. ■ 

The following lemma provides a way to obtain an edge-tangle from an 
immersion. 

Lemma 2.7. Let H be a graph and 8' an edge-tangle of order 9 in H. Let 
G be a graph that contains an H-immersion {'KviT^e)- If 8 is the set of all 
edge-cuts [A, B] of G of order less than 9 such that there exists [A', B'] G 8' 
with nv{A') = AA nviV {H)), then 8 is an edge-tangle of order 9 in G. 

Proof. We shall show that 8 satisfies the edge-tangle axioms (El), (E2) and 
(E3). Let [A, B] be an edge-cut of G of order less than 9. A A 'Kv{V{H)) 
and B fl nviV^H)) are two subsets of nyiVi^H)) such that their union is 
Eyiy {H)), SO there exists an edge-cut [W, B'] of H such that nyi^A') = AA 
7iy(y{H)) and 7iy{B') = B A 7iy(y{H)). Since (vry, 7 r^) is an iL-immersion, 
there are at least |[W,i?']| edge-disjoint paths in G from A fl 7iy{V{H)) to 
BA7iy{V{H)). So |[W,i?']| < I [A, 5] I < 9. Hence, one of [W, H'] and [B',A'] 
is in 8', and hence one of [A, B] and [B, A] is in 8. So 8 satishes (El). 

For each i with 1 < z < 3, let [Hj, Bi] G be an edge-cut of G, and let 
[A[,Bf\ G 8' such that Ey{B'f) = Bi A 7iy(y{H)). Since 8' is an edge-tangle 
in H, B[A B 2 A i ?3 contains a vertex v of H. So Tiy{v) G Hi fl H 2 H H 3 . This 
proves that 8 satisfies (E2). 

Finally, we prove that 8 satisfies (E3). Let [A, B] E 8 and let [H', B'] G 8' 
such that 7iy{B') = B A 7iy(y{H)). Since 8' satishes (E3), H contains at 
least 9 edges incident with vertices in B'. So there are at least 9 edge- 
disjoint subgraphs of G each containing a vertex in 7ry{B') C B. Therefore, 
G contains at least 9 edges incident with vertices in B. Consequently, 8 is 
an edge-tangle in G. ■ 

We call the edge-tangle 8 dehned in Lemma 12.71 the edge-tangle induced 
by the H-immersion {ny^'WE)- 

The mxn wall is the simple graph with vertex-set {{i,j) '■ I < i < n,l Y 
j < m} and edge-set {{i,j){i + 1, j) : I Y i < n — 1,1 ^ j < U {(2a — 
l,26-l)(2a-l,26) : 1 < a < \n/2],l <b< [m/2j} U {(2a, 26)(2a, 26+1) : 
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1 < a < [n/ 2 j, 1 < 6 < [(m — 1 )/ 2 J}. The i-th row of the m x n wall is the 
subgraph induced by {(x, i) : 1 < x < n}. The k-th column of the mxn wall 
is the subgraph induced by {{x,y) : 2k — 1 < x < min{ 2 /c,n}, I < y < m}. 
Hence, the mxn wall contains m rows and \n/2~\ columns. 

Lemma 2.8. Let r and 6 be positive integers with 6 < r. Let G be the 2r xr 
wall. If [A, B] is an edge-cut of order less than 6 of G, then 

1. exactly one of A and B contains all vertices of a column of G, 

2. exactly one of A and B contains all vertices of a row of G, and 

3. A contains all vertices of a column if and only if A contains all vertices 
of a row. 

Proof. Note that G has r rows and r columns. Suppose that A contains 
all vertices of a column and B contains all vertices of another column. Then 
every row must contains an edge in [A,B], so the order of [A,B] is at least 
r, a contradiction. Suppose that none of A and B contains all vertices of a 
column. Then every column must contains an edge in [A, B], so the order of 
[A, B] is at least r, a contradiction. So exactly one of A and B contains all 
vertices of a column. Similarly, exactly one of A and B contains all vertices 
of a row. Furthermore, if A contains all vertices of a column, then B cannot 
contain all vertices of a row, so A contains all vertices of a row as well. 
Similarly, if B contains all vertices of a column, then B contains all vertices 
of a row. ■ 

Lemma 2.9. Let r and 6 be positive integers. Let G be the 2r x r wall. Let 
£ be the set of all edge-cuts [H, B] of order less than 9 of G satisfying that B 
contains all vertices of a column of G. If r > 29, then £ is an edge-tangle of 
G of order 9. 

Proof. Let [A, B] be an edge-cut of G of order less than 9. By Lemma 12.81 
[A, B] or [B, A] is in £. Hence, £ satishes the first edge-tangle axiom. 

Let [Ai, Bi] G T be edge-cuts of G for 1 < i < 3. Let Cj be a column of G 
contained in for 1 < i < 3. Suppose that Hi fl i ?2 fl H 3 = 0. If Ci = C 2 , 
then H 3 contains Ci, a contradiction. So by symmetry, we may assume that 
ci,C 2 ,C 3 are pairwise distinct. Since A 2 or ^ 3 , say A 2 , contains at least one 
half vertices of ci, A 2 contains vertices of at least r 12 rows. But B 2 contains 
C 2 , so there are at least r /2 edges with one end in A 2 and one end in B 2 . 
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Therefore, [^ 42 ,- 82 ] has order at least r/2 > 6, a. contradiction. Hence, S 
satisfies (E2). 

For every [A, B] E S, B contains a column in G, so there are at least 
r > 6 edges in G incident with some vertices in B. This proves that £ is an 
edge-tangle. ■ 

The following two lemmas will be used in Section [3l 

Lemma 2.10. Let G be a graph and £ an edge-tangle in G. Let p be a 
positive integer and let ..., [Ap,Bp\ G £. For each i with 1 < i < p, 

let Xi be the set of edges of G between Ai and Bi. Assume that for every i 
with 1 < i < p and for every v E Ai, there exists a path in G[Ai] from v to 
an end of an edge in X^. Assume the order of £ is greater than |lJi=i^*l' // 
Xi is free with respect to £ and Xi n = 0 for every pair of distinct 
i,j, then Ai D Aj = (/) for every pair of distinct i,j. 

Proof. There is nothing to prove if p = 1, so we may assume that p > 2. 
First, we suppose that there exists an edge e G Xi such that the both ends 
of e are in A 2 . Let Z = (ljf=i ^i) ~ Since the order of £ is greater than 
Xj|, [A 2 , Bf\ E £ — Z has order zero in G — Z. But the both ends of 
the unique member e of ljr=i ~ ^ are in A 2 . So ljr=i with 

respect to £, a contradiction. Hence, no edge in Xi has both ends in A 2 . 
Similarly, for every pair of distinct i,j, no edge in Xj has both ends in Xj. 

Now we suppose that there exist distinct i,j such that Ai n Aj 7 ^ 0. Let 
V E AiA Aj. Let Pi be a path in G[Hj] from v to an end of an edge e' in Xj. 
Since Xj is disjoint from Xj and some end of e! is in Bj, e' has both ends in 
Bj. So Pi intersects Xj. But every edge in Xj fl E{Pi) has both ends in Ai, 
a contradiction. This proves the lemma. ■ 

Lemma 2.11. Let ^ be a positive integer. Let G be a graph and £ an edge- 
tangle in G of order at least ^1-2. If Z is a subset of E{G) with |Z| < ^, 
then there exists a set of two edges of G — Z with at least one common end 
free with respect to £ — Z. 

Proof. Suppose that every set of two edges oi G — Z with at least one 
common end is not free with respect to £ — Z. That is, for every edges 
Cl, 02 G E{G) — Z, there exist Y C {ei, 62 } and [A, B] E £ — (Y AZ) oi order 
at most 1 — |H| such that every edge in {ei, 62 } — Y has both ends in A. Let 
Gi, ...,Gc be the components of G — Z. Since £ — Z has order at least two. 
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there uniquely exists i with 1 <i < c such that \y {G)—V (Gj), V (Gj)] G S—Z 
by (El), (E2) and (E3). Without loss of generality, we may assume that 
\y{G) — E(Gi),E(Gi)] E S — Z. Dehne S' to be the set of edge-cuts of 
Gi such that [A, B] G S' if and only if [A, B] has order less than two and 
[A U lJi =2 ^ B] & S — Z. It is clear that S' is an edge-tangle in Gi of 
order two. 

It is well-known that there exist a tree T and a partition {Xt : t G V{T)) 
of V{Gi) such that 

• Gi[Xt] is either a vertex or 2-edge-connected for every t G V(T), 

• for every adjacent vertices ti,t 2 of T, there exists uniquely one edge 
between Xf^ and Xt^, and 

• Every edge of Gi has both ends in Xt for some t G V{T) or has one 
end in Xt^ and one end in Xt^ for some adjacent vertices fi,f 2 of T. 

For each edge e = tit 2 of T, let Te^ti and Te^t 2 be the components of T — e 
containing ti and t 2 , respectively, and dehne Ye^n = Utey(ret^) = 

Utey(Te tj) Since S' has order at least two, by (El) and (E2), exactly 
one of [Fe,ti, [^,* 2 > J E S — Z. If the former happens, then we 

orientate the edge e from ti to t 2 , otherwise, we orientate the edge e from t 2 
to ti- So we obtain an orientation of E{T) and hence T has a vertex t* of 
out-degree zero. 

Given two edges e, / of G — Z, by the assumption, there exist Y C {e, /} 
and [A, B] E S—Z of order at most 1 —|E| such that the both ends of the edges 
in {e, f} — Y are in A. Let [A', B'] be the edge-cut [AAV (Gi), B AV (Gi)] 
of Gi of order at most 1 — |F|. By (El) and (E2), [W, B'] E S'. Since [W, B'] 
has order at most one, B' contains Xt*. 

We hrst claim that Xt* is a single vertex. Suppose Xt* contains at least 
two vertices, then Gi[Xt*] is 2-edge-connected. We choose e, / to be two 
edges of Gi[Xt*] sharing a common end. Since Gi[Xt*] is 2-edge-connected, 
either A' fl Xt* = 0 or 5' fl Xt* = 0. Since one of e, / has both ends in A', 
B' n Xt* = 0, a contradiction. Hence Xt* contains exactly one vertex v. 

Since S' has order at least two, v is incident with at least two edges of 
Gi. Let e, / be two edges of Gi incident with v. Since one of e, / has both 
ends in A', v E A', a contradiction. This proves the lemma. ■ 
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3 Excluding immersions 

Given a simple graph H, an H-minor of a graph G is a map a with 
domain V{H) such that 

• a{h) is a nonempty connected subgraph of G, for every h G V{H)] 

• if hi and h 2 are different vertices in H, then a{hi) and a{h 2 ) are dis¬ 
joint; 

• if hih 2 is an edge in H, then there exists an edge of G with one end in 
a{hi) and one end in a{h 2 )- 

We say that G contains an H-minor if such a function a exists. And for 
every h G V{H), a{h) is called a branch set of a. 

Given a simple graph H, an H-thorns of a graph G is a map a with 
domain V(H) such that 

• a(h) is a connected subgraph of G with at least one edge, for every 
h G V(H); 

• if hi and ^2 are different vertices in H, then a{hi) and a{h 2 ) are edge- 
disjoint; 

• if hih 2 is an edge in H, then V{a{hi)) fl V{a{h 2 )) 7 ^ 0; 

We say that G contains an H-thorns if such a function a exists. And for 
every h G V{H), a{h) is called a branch set of a. 

Note that if a graph contains a vertex v incident with d edges, then 
it contains a A'^-thorns whose branch sets are the edges incident with v. 
Another example of thorns is that every r x r-grid contains a A"r-thorns by 
dehning a{vi) to be the union of the Ath row and the Ath column. 

Lemma 3.1. If H is a simple graph, then a graph G contains H-thorns if 
and only if L{G) contains an H-minor. 

Proof. Let a be an iL-thorns in G. For every h G V{H), dehne f3{h) to be 
the subgraph of L{G) induced by E{a{h)). It is clear that ft is an if-minor 
in L(G). 

Let /?' be an iL-minor in L{G). For every h G V{H), dehne a'{h) to be 
the connected subgraph of G with E{a'{h)) = V{ft'{h)). Then it is obvious 
that a' is an FT-thorns in G. ■ 

The following was proved by Robertson and Seymour [ 8 ]. 
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Lemma 3.2 (|S])- Let G be a simple graph, and let Z be a subset of V{G) 
with \Z\ = Let k > and let a be a Kk-minor in G. If there is 

no separation {A,B) of G of order less than \Z\ such that Z C V{A) and 
A n a{h) = 0 for some h G V{Kk), then for every partition (Zi,Zn) of 
Z into non-empty subsets, there are n connected subgraphs of G, 

mutually disjoint and V{Ti) n Z = Zi for 1 < i < n. 

Now, we prove an edge-variant of Lemma I3.2[ 

Lemma 3.3. Let G be a graph, and let X be a subset of E{G) with size 

Let k > and let a be a Kk-thorns in G. If there is no Y Y X 

and edge-cut [A, B] of G — Y order less than ^ — |y| such that every edge in 
X — Y is incident with some vertices in A and Ap[V{a{h)) = 0 for some h G 
V{Kk), then for every partition (Xi,,...,X„) of X into non-empty subsets, 
there are n connected subgraphs Ti,,...,T„ of G, mutually edge-disjoint and 
E{Ti) n X = Xi for 1 < i < n. 

Proof. Let /3 be the iLfc-minor in L{G) corresponding to a mentioned in 
Lemma 13.11 and let X’ be the set of vertices in L{G) corresponding to X. 
Snppose that there exists a separation (A', B') of L{G) of order less than 

f snch that X' C V{A') and A' fl /9(h) = 0 for some h G V{Kk). We 

may assnme that the order of [A', B') is as small as possible. So every 
vertex in V{A') fl V{B') — X' mnst have an neighbor in V{A') — V{B') and 
a neighbor in V{B') — V{A'), and every vertex in V{A') fl V{B') fl X' has a 
neighbor in V{B') — V{A'). Dehne B = {v E V{G) : P(cl(n)) C V{B')} and 
A = V(G) — B. Then [A,B] is an edge-cnt of G. Let Y be the snbset of 
X consisting of the edges in X with both ends in B. Note that the order of 
[A,B] eqnals \V{A') fl V{B') \ — |{n G V{A') fl V{B') : v has no neighbor in 
V{A') — V{B')}\ = \V{A')r\V{B')\ — \Y\ <^—|y|. Fnrthermore, every edge in 
X — Y has an end in A. In addition, every vertex of /9(h) is in V(B') — V{A'), 
so every edge of a(h) has both ends in B. That is, V{a{h)) fl A = 0, a 
contradiction. Therefore, there does not exist a separation {A', B') of G of 
order less than ^ snch that X' CV{A') and Wn/9(h) = 0 for some h eV{K k). 

Let {Xi,X 2 ,..., Xn) be a partition of X into nonempty sets. Let (Zi, Z^, ■■■■, 
Zn) be the partition of X' snch that Z^ is the set of the corresponding edges 
in Xi for 1 < i < n. By Lemma 13.21 there exist mntnally disjoint con¬ 
nected snbgraphs of L{G) snch that ViT'-) X' = Zi for every 

1 < i < n. For every 1 < i < n, dehne T* to be the connected snbgraph 
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of G with E{Ti) = V(T'). Then are mutually edge-disjoint and 

E{T,)nx = x,. , 

A tangle T in G controls an if-minor a if there do not exist {A, B) E T 
of order less than \V{H)\ and h G V{H) such that V{a{h)) C V{A). An 
edge-tangle T in G controls an iJ-thorns a if V{a{h)) A B 7 ^ 0 for every 
h G V{H) and [A,B] E £ oi order less than \V{H)\. 

The degree sequence of a graph G is the decreasing sequence of the degrees 
of the vertices of G. 

Lemma 3.4. Let G be a graph and H be a graph on h vertices with degree 
sequence {di,d 2 , ■..,dh). Let d = di and t > Let £ be an edge-tangle 

of order at least hd in G that controls a Kt-thorns. Assume that there exist 
pairwise disjoint subsets Xi,X 2 ,...,Xh of E{G) such that 1J!Li 
with respect to £, and for each i with 1 < i < h, Xi consists of di edges 
incident with a common vertex Vi. If vi,V 2 , are distinct, then G has an 
H -immersion with 7rY{V{H)) = {t’l,i? 2 , 

Proof. Let (y. be cl ./^^-tliorns in G controlled by cind let X = 

Suppose that there exists Y X and an edge-cut [A, B] of G — Y of order 
less than |X — y| such that every edge in X — F is incident with vertices 
in A and A fl V{a{u)) = 0 for some u E V{Kt). We assume that Y is 
maximal, so every edge m X — Y has both ends in A. Since X is free 
with respect to £, [A, B] ^ £ — Y. But the order of [A, B] is at less than 
|X — y| = hd — |F|. So [B,A] E £ — Y by (El). However, £ controls 
a, so A n V{a{u)) 7 ^ 0, a contradiction. Therefore, by Lemma 13.31 for 
every partition {Zi, Z 2 , Z\e{h)\) of X there exist pairwise edge-disjoint 
connected subgraphs Ti,T 2 , ...,T\e{h)\ of G such that E(Ti) A X = Zi for 
every 1 < i < \E{H)\. 

Let V (H) = {ui, U2, ...,Uh}, where degE{ui) = di for every I < i < h, and 
let E{H) = {ei,e 2 , ...,e\E{H)\}- For every i with 1 < i < h, we pick Yi C Xi 
with \Yi\ = degjj{ui). For every 1 < ^ < h, dehne an onto function /j from 
Yi to the set of edges of H incident with Ui such that the preimage of every 
non-loop edge incident with Ui has size one and the preimage of every loop 
incident with Ui has size two. So for every edge Cj of H, there exist exactly 
two edges in 1 J!Li Fi mapped to Ci by the functions fi, f 2 ,fh, and we 
denote the set of these two edges as Zj. So (Zi, Z 2 ,..., Z\e{h)\) is a partition 
of Ut Yi into non-empty sets. Then the union of the mentioned pairwise 
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edge-disjoint trees Ti, ...,T\e{h)\ in G defines an i7-ininiersion (vryjVre) in G 
with-Kv{V{H)) = {vi,V 2 ,...,Vh}. m 

The following was proved in |1]. 

Lemma 3.5. ^ Let G be a graph and T a tangle in G of order 9, and let c 
be a positive integer. For every 1 < i < c, let di, ki be positive integers, and 
let {Xij C V{G) : i G J*} be a family of subsets ofV{G) indexed by Ji. Let 
d, k be integers such that 6 > {kcd)‘^~^^ + d, di < d and ki < k for 1 < i < c. 
Let J* C Ji with \J*\ < ki for each 1 < i < c, such that Ui=i Ujej?' 
free with respect to T and Xij flXj/j/ = 0 for distinct pairs {i,j), {i',j') with 
1 < i < i' < c, j G J* and j' G J*,. If \Xij\ < di for every I < i < c and 
i & Ji, then either 

1. there exist Jj, J' with J* C J' C Ji and |J'| = ki for each 1 < 

i < c such that lJi<i<c Ujg j' ^i,j with respect to T , and Xij n 

Xi'^j' = 0 for all distinct pairs (f, j), {i' if) with 1 < i < i' < c' and 
J G J'lf G Jf or 

2. there exist Z C V{G) with \Z\ < {kcd)'^~^^ and integer i with 1 <i < c 

and \J*\ < ki such that for every j G Ji, either Xjj fl Z 7 ^ 0, or Xij is 

not free with respect to T — Z . 

Lemma 3.6. Let G be a graph and £ an edge-tangle in G of order 6, and let 
c be a positive integer. For every I < i < c, let di, ki be positive integers, and 
let {Xij C E{G) : j G Ji} be a family of subsets of E{G) indexed by Ji. Let 
d, k be integers such that 6 > ?){kcd)^^^ + ?>d, di < d and ki < k for 1 < i < c. 
Let J* C Ji with \J*\ < ki for each 1 < i < c, such that Ui=i UjeJ?' 
free with respect to £ and Xij nXj/j/ = 0 for distinct pairs {i,j), {i' if) with 

I < i < i' < c, j e J* and f G J*,. If |ULi Ujgj* ^i,j\ ^ f 

for every I < i < c and j G Ji, then either 

1. there exist J[, Jf..., J'^ with J* C J. C Ji and |J'| = ki for each 1 < 

i < c such that Ui<i<c Ujgj' with respect to £, and Xij and 

Xiiji are disjoint for all distinct pairs {i'lf) with 1 < i < i' < c' 
and j G J'iif e Jf or 

2. there exist Z C E{G) with \Z\ < {kcd)'^^^ and integer i with 1 < i < c 
and \J*\ < ki such that for every j G Ji, either Xij n Z f (/), or Xij is 
not free with respect to £ — Z. 


18 


Proof. Since 8 is an edge-tangle of order 9 in 8 is an tangle of order 
6*/3 > {kcdY^^ -|- d in L{G) by Lemma 1^751 For every 1 < i < c and j G J,, 
define Yij to be the subset of V{L{G)) corresponding to the edges in Xjj. 
Since |ULi U,gj‘ I < ^/3, ULi U,gj‘ is free with respect to 8 by 
Lemma 12.51 So by Lemma 13.51 either 


• there exist J[, J2, ■■■, J'c with J* C J. C and | J'| = ki for each 1 < 
i < c such that lJi<i<c UjeJ' i® with respect to 8, and Yi^ and 
Pj/j/ are disjoint for all distinct pairs (f, j), (f^ jO with 1 < i < i' < c' 
and i e JIG' ^ J'i'i or 

• there exist Z' C V{L{G)) and integer i* with \Z'\ < {kcdY^^ and 
1 < i* < c satisfying that for every j G Ji*, either Yi*jnZ' Y 0; or 

is not free with respect to — Z'. 

Note that Xjj and Xj'j' are disjoint for all distinct pairs {i, j), {i', j') 
with 1 < f < F < c, j G Jj' and j' G If the hrst statement above holds, 
then ULi Uj-gj' Xij is free with respect to 8 by Lemma 12.61 and hence the 
hrst statement of the lemma holds. So we may assume that such Z' and i* 
mentioned in the above second statement exists. 

We shall prove the second statement of the lemma holds. Let Z be the 
set of edges of G corresponding to Z', and let j be an arbitrary element of 
Ji*. If Yi*j n Z' 7 ^ 0, then n Z 7 ^ 0. So we may assume that Yi*j is not 
free with respect to 8 — Z'. Therefore, Yi*j U Z' is not free with respect to 
8 . 

Suppose that is free with respect to 8 — Z. So U Z is free 
with respect to 8. By Lemma 12.51 U Z' is free with respect to 8^ a 
contradiction. Consequently, the second statement of the lemma holds. ■ 

A family TJ of edge-cuts of a graph is cross-free if A fl C = 0 for every 
pair of edge-cuts [A,B], [G,D] in "D. The following is a structure theorem 
for excluding a hxed graph as an immersion in a graph with an edge-tangle 
controlling a big complete graph-thorns. 

Theorem 3.7. For every positive integers d, h, there exist positive integers 
9, ^ such that the following holds. If H is a graph with degree seguence 
{di,d 2 , ■■■,dh), where di = d, and G is a graph that does not contain an 
H-immersion, then for every edge-tangle 8 of order at least 9 in G control¬ 
ling a K^3^i,^-thorns, there exist G C E{G) with \G\ < f, U Y V{G) with 
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\U\ < h — 1 and a cross-free family V O S — C such that for every vertex 
V G V(G) — U, there exists [A, B] of order at most d\if\+i — 1 with v E A. 

Proof. Define 9 = 'ZQidY^^ + ?>d and f = [hdY^^. Let iL be a graph on 
h vertices with degree seqnence {di,d 2 , .■■,dh) and di = d and G a graph 
with no iL-immersion, and let S be an edge-tangle in G of order at least 6 
controlling a iL|-3^;j-|-thorns. 

Note that it is snfficient to prove this theorem for the case that H has 
no isolated vertices. Since every graph with at least h vertices containing 
an iL'-immersion contains an if-immersion, where H’ is the graph obtained 
from H by deleting all isolated vertices. So we may assume that H has no 
isolated vertices. 

We hrst prove that there exist G C E{G) with \G\ < f and U C V{G) 
with \U\ < h — 1 such that for every v G V{G) — U, there exists By] G 
£ — G of order at most d\u\+i — 1 such that v E A. 

Dehne iSq = 0 and Uq = 0. For each i with 1 < i < d, dehne Ui to be a 
subset of V(G) and dehne S* to be a maximal collection of pairwise disjoint 
sets of d — i -h 1 edges of G with the following properties. 

• For every S E S*, the edges in S have a common end vs ^ Uj=i 
and S is disjoint from S' for every S' E uri‘5;. 

• For every pair of distinct sets S, S' E 5*, vs Y '^s'- 

• Uj=i Uses* ^ with respect to £. 

*\Ji = {vs-.SE 5;}. 

Dehne r to be the smallest integer such that |UI=i^*l < ^ ^(-^) • 

degjj{u) > d — r -|- 1}|. Note that the number r exists and |Ui=i Ui\ < h, 
otherwise G contains an id-immersion by Lemma 13.41 Let U = UI=i 

For every v E V{G), dehne Sy to be the collection of the sets of d\u\^i 
edges incident with v. Note that = 0 if n is incident with less than d\u\jyi 
edges. Let 5 = 5* U U,;gv(G)-r/maximality of 5*, for every 

X E [jy(zv{G)-u (Uses* *5') = 0, X U Uses* 

respect to £. So 5* is the only set S' with the properties that S* C S' C S 

and the members of S' are pairwise disjoint and Uxes' Since 

|iS*| = \U\ < h, by Lemma ESI there exists G C E{G) with \G\ < f such 
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that every member of S either intersects C or is not free with respect to 
S-C. 

For every v G V{G) incident with at most (i|c/|+i — 1 edges in G — C, 
[{n}, V{G) — {n}] is an edge-cut in £ — G of order at most (i|f/|+i — 1 such 
that V is in the hrst entry of the edge-cut. Let v G V^(G) — U incident with 
at least (i|[/|+i edges in G — G. Then there exists X E Sy such that every 
edge in X is incident with v and X fl G = 0. So X is not free with respect 
to S — C. Hence there exist Y C X and an edge-cut [A, B] E S — {C UY) 
of G — (G U X) of order less than |X — X| such that every edge in X — X 
has both ends in A. Since every edge in X — X is incident with v, we have 
that V E A and [A,B] E £ — C is an edge-cut of G — G of order less than 
|X| = d\u\+i. This proves that for every vertex v G X(G) — G, there exists 
[Ay, By] E £ — C oi order at most d\u\+i — 1 such that v G Ay. 

Therefore, there exists a family V C £ — C of edge-cuts of G — G of order 
at most d\if\+i — 1 such that for every v G X(G) — U, there exists [A, B] eT> 
such that V E A. We assume that Y1i[ab]&v\^\ small as possible. We 
shall show that B is cross-free. 

Suppose that V is not cross-free, then there exist [Hi, Hi], [A 2 ,B 2 ] E V 
such that Hi n H2 7^ 0. By the submodularity, |[Hi fl B2, Bi U H2]| -|- |[Hi U 
H2,HinH2]| < |[Hi, Hi]|-|-|[H2, H2]| < 2 ((i|( 7 |_|_i — 1 ), so one of [HinH2, H1UH2] 
and [Hi fl H2, Hi U H2] has order no more than d\u\+i — 1. By symmetry, we 
may assume that [Hi fl H2, Hi U H2] has order no more than (i|t/|+i — 1. By 
(El) and (E2), [Hi n H2,Hi U H2] E £ -C. Let V = {V - {[Hi, Hi]}) U 
{[Hi n H2, H2 U Hi]}. Since Hi C (Hi fl H2) U H2, V is contained in T — G 
and is a family of edge-cuts of G — G of order at most d\u\+i — 1 such that 
for every v E V (G) — U, there exists [H, H] G V' such that v E A. Hence, by 
the minimality of H, |Hi nH2| > |Hi|. This implies that Hi = Hi nH2 C H2, 
so Hi n H 2 = 0, a contradiction. Therefore, B is cross-free. ■ 

Let G be a graph and S a subgraph of G. We dehne Sq to be the 
graph obtained from S by attaching degg(v) — deg 5 (v) leaves to v, for each 
V G X(S'), where degg(n) and deg 5 (n) are the degree of n in G and S', 
respectively. So every vertex in X(S'g) — X(S') corresponds to an edge in 
E{G) — E{S). Note that if e is an edge in H(G) — E{S) with both ends in 
X(S'), then e contributes two leaves to Sq, where one is adjacent to u and 
one is adjacent to v. In particular, if e G H(G) — E{S) is a loop incident with 
a vertex v in S, then e contributes two leaves adjacent to v in Sq. When the 
supergraph G is clear, we denote Sq by S'+ for short. 
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Let G and H be graphs, and let S', R be snbgraphs of G, H, respectively. 
We say that Sq realizes R'jj if Sq contains a i?^-ininiersion [tiv, t^e) snch 
that Trv{V{Rjj) - V(R)) C V(S^) - V{S) and Trv{V{R)) C 

Let iL be a graph. A shell of if is a collection of disjoint connected 
snbgraphs of H snch that every vertex of if is contained in a member of if. 
The following is the essential step toward the main lemma of this section. 

Lemma 3.8. For every connected graph if and for every positive integer k, 
there exist integers 0,w,f such that the following holds. If G is a graph that 
does not contain k edge-disjoint H-immersions and £ is an edge-tangle of 
G of order at least 9 controlling a Kyj-thorns, then there exist Z C EifG) 
with \Z\ < ^ and [A, fi] 6 S — Z of order zero such that G[A\ contains all 
H-immersions in G — Z. 

Proof. Let if be a graph with degree seqnence {di,d 2 , ...ydh), where h = 
\V{H)\. Let f be a hxed integer in this proof. Let Oq be the nnmber 6 
mentioned in Theorem 13.71 by taking h = h and d = kdi. Dehne f = 
6 = 6 q + and w = ^{khdiY + Let G be a graph and £ 
an edge-tangle of order 0 in G controlling a ffu,-thorns a. 

Dehne if^ to be the graph obtained from if by dnplicating each edge k 
times. Note that if^ is a graph on h vertices with maximnm degree kdi. If 
G contains an iffc-immersion, then G contains k edge-disjoint if-immersions. 
Let .^0 = {hkdiY'^^^^ + 2{h — lYkdi. Since G does not contain k edge-disjoint 
if-immersions, G does not contain an iffc-immersion. By Theorem 13.71 there 
exist Z' C E{G) with |Z'| < {hkdif<^^+^, U C V{G) with |G| < f - 1 and 
E C f! — Zg is a cross-free family of edge-cnts [A„, Bf\ of order less than kdi 
with n G for each v eV (G) — U. 

Snppose that we cannot hnd for every u E U, there exists a set Su of kdi 
edges incident with u snch that Su> H Su" = 0 for distinct u, u' E U. Then by 
Hall’s condition, we can fnrther delete at most {h — l)kdi edges from G — Zg 
and pnt those edges into Zg to rednce the nnmber of vertices in U. So we 
assnme that for every u E U, there exists a set of kdi edges Su incident with 
u snch that Su> H Su" = 0 for distinct u, u' E U. If [Ju&u with 

respect to £ — Zg, then there exists Y C Su and [A, B] E £ — Zq of 

order less than llJugr/ Su — Y\ snch that every edge in [ju&u Su — {Z'q U Y) 
has both ends in A. This implies that some vertex in U belongs to A. So we 
can fnrther delete at most {h — l)kdi edges to rednce the nnmber of vertices 
in U. In other words, there exists a snperset Zq of Zg with \Zq\ < ,^o snch 
that for every u E U, there exists a set Su of kdi edges incident with u snch 
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that Su' n Su" = 0 for distinct u, u' G fo, and lJuef/ with respect to 

^-^ 0 . 

We are done if G — Zq contains no if-immersion, so we may assume that 
G — Zq contains an if-immersion. Since \U\ < h — 1, for every if-immersion 
L = (vTv'jTT^;) in G — Zq, there exists v G V{H) such that Tivi^) ^ U. For 
each fi-immersion L = (vryjVr^;) in G, dehne to be the edge-cut of 

G — Zq such that = [Jy^v{H) ■kv{v)<^u Hence the branch vertices of 

each L are contained m. U VJ A^. Note that the order of each [Al, Bi^ is at 
most kdih, so [Al^Bi] G f — Zq. Furthermore, G[Ai]q realizes S~^ for some 
member S in some shell of H. In addition, since H is connected, by deleting 
components of G[y4i] — Zq disconnected to all edges between A^ and B^, we 
may assume that for every vertex A^, there exists a path in G[Al] from this 
vertex to an end of an edge between Al and i?L, unless [Al,Bl] has order 
zero in G — Zq. 

For every shell V of if, dehne D-p to be a subset of {v G fo(if) : {v} G V} 
with size at most \U\ and dehne if-p to be the graph obtained from the disjoint 
union of k copies of if by identifying each vertex in Dp in each copy into 
a vertex. Note that G contains no if-p-immersion, otherwise G contains k 
edge-disjoint if-immersions. Dehne Qp to be the shell of Hp consisting of 
{n}, for each v G Dp, and the members of P — {{n} : v G Dp} in each copy 

of if. Dehne Xq = {Su '■ u & U}. Recall that Uxga’o ^ with respect to 

£ — Zq. For each S G Qp, dehne Xs to be the collection of all sets of edges 
satisfying that every set in Xs consists of the edges between Ap and Bp, for 
some if-immersion L m G — Zq such that G[Al\^ realizes S~^. Dehne Xp to 
be the collection of the 2-element subsets of E{G — Zq) each consisting of two 
edges having at least one common end. Dehne X^ = Xq, /cq = \U\, Xp = 0, 
kp = khdi, Xp = ^ and ks = kh for each S G Qp — {{n} : v G Dp}. Note 
that \Qp\ < kh. 

By Lemma [ 3.61 for each shell V of if, one of the following holds. 

• There exist a collection Xq of size /cq with Xq C ihg C Xq, a collection 

Xp of size khdi with Xp C Xp C Xp and collections Xg of size ks 

with Xg C Xg C Xs for each S G Qp — {{r’} : v G Dp} such that 

Xq U X'g. U [Js&Qv-{{v}-v&Dv} consists of pairwise disjoint members, 
and the union of its members is free with respect to £ — Zq. 

• There exist Zp C P(G)-Zo with |Zp| < {k‘^{\Qp\-\Dp\+2)h'^dl)^^^'^+^ 
and S G Qp such that for every X G Xs, either X fl Zp 7 ^ 0, or X is 
not free with respect to — {Zq U Zp). 
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• There exists Zp C E(G')-Zowith |Zp| < {kWQ-p\-\DT,\+2)h‘^dj)^^^’^+^ 
such that every set of two edges of G — {ZqU Zp) sharing a common 
end is not free with respect to — {Zq U Zp). 

Notice that IT’q*! = /cq- In addition, the third statement cannot hold for all 
shells V by Lemma 12.111 

Suppose that the hrst statement holds for some shell V. We shall derive 
a contradiction by showing that G contains k edge-disjoint if-immersions. 
Let X be the union of the edges in A’q U UseSp-llul 'yeDp} ^Si ^ I® 1^®® 
with respect to — Zq. Since a is iL^-thorns controlled by 8^ there exists 
a -thorns a' in G — Zq controlled by — Zq. Suppose that there exist 

Y C X and an edge-cut [A, B] of G —(ZoUF) of order less than |X| —|y| such 
that every edge in X — F is incident with vertices in A and Ar\V{a'{t)) = 0 
for some t G By (El), [A, B] or [B,A\ is in — (Zq U F), and 

hence [A, B] or [B, A] is in — Zq. Since X is free with respect to — Zq, 
[A, B] ^ 8 — Zq. Since 8 — Zq controls a', [B, A] ^ 8 — Zq, a contradiction. 
So no such F and [A, B] exist. 

For each S G Qp and Xs G Xs, dehne Ls to be an iL-immersion 
( 7 r|f\ in G — Zq such that G[y4ig]g realizes Sp, where [Ap^, Bp^] is the 
edge-cut such that Xs is the set of edges between Ap^ and Bp^, and let fxg be 
the injection from V (S'+) —F(S') to Xs such that for every x G F(S+) —F(S'), 
/xs(x) is the edge in Xs contained in 7r^^\x). For each edge e of Hp not 
contained in any member of Qp, we dehne the following. 

• Say e has one end in S'! G Qp and one end in S '2 G Qp, it corre¬ 
sponds to a leaf Ci in and a leaf 62 in S'^, and we dehne IFe = 
{/xs^(ei),/xs 2 (e 2 )}. 

• We pick a set W' in X^ such that if e' 7 ^ e", then W[ 7 ^ W'^,. 

• Dehne (IFe^, IFe^ 2 ) to be a partition of W^. U W'^ into two sets of size 
two each containing exactly one element in fFg. 

Let IF be the union of IFe,i,lFe ,2 over all edges e of Hp not contained in 
any member of Qp. Note that those IFe 4 ,lFe ,2 form a partition of IF. By 
Lemma 1231 for each such edge e of Hp and each i G {1, 2}, there exists a tree 
Te^j in G — Zq such that these trees are edge-disjoint and E{Tf,^i) n IF = IFe^j 
for each e. We choose each to be minimal, so EiTe^i) is disjoint from 
E{G[Apg\) for all S G Qp. Since Ap^, fl = 0 for distinct S',S'' G Qp 
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by Lemma 12.101 these trees together with the intersection of the image of 

/ Cr\ 

TTg and G[Aig\, for each S G Q-p, dehne an iL-p-immersion in G — Zq, a 
contradiction. 

Therefore, the above second statement hold for all shells V of H . Note 
that \Z'p\ < {k‘^{\Qv\ — \D'p\ + for every shell 

V of H . Let be the union of Zq and Zp for all shells V of H. Note that 
there are at most different shells, so |Z(| < < 

^0 + {4:k^. If G — Z[ has no iL-immersion, then we are done, so 
we assume that G — Z[ has an iL-immersion. 

Note that every iL-immersion in G — Z( is an iL-immersion in G — Zq. In 
addition, for every iL-immersion L in G — Zq, there exists a shell V of H such 
that G[Al\q realizes for every S G Qp — {{f} : v G Dp}. So for every 
//-immersion L in G — Z{, either Z[ intersects some edge between Ap and 
Bp, or the set of edges between Ap and Bp is not free with respect to — Z(. 
Hence, for every //-immersion L in G — Z[, there exists [A'i^,B}] E S — Z[ 
of order less than the order of [Ap, Bp] with Ap C We then remove the 
components of G[Hy — Z[ disconnected to the edges between and B} 
unless [A'j^,B}] has order zero in G — Z^. Note that Api still contains all 
branch vertices of L since H is connected. If it is possible to further delete 
at most 2{h — l)kdi edges from G — Z^ to make some u E U contained in 
Au for some [Au,By\ E £ — Z^ of order less than kdi, then we put those 
edges into Z[ to form a new set Zi and remove all such vertices u from U 
and we replace A'j^ by the union of A'^ and A^ for all such u. So we again 
can hnd for each u E U, a. new set of kdi edges of G — Zi incident with 
u such that the union of them is free with respect to — Zi. Note that 
|Zi| <\Z[\+ 2{h - Ifkdi < ^0 + {4:k^h^dl + 

So this process either decreases \U\, or does not increase \U\ but decreases 
the maximum order of [Ap, Bp] among all //-immersions L in the remaining 
graph. Note that whenever \U\ decreases by r, the order of [A']^,B}] is in¬ 
creased by at most kdir, so its order is at most kdi{\U\ -|- h) if we repeat the 
process arbitrary times. 

Therefore, by repeating the whole process at most dik{\U\ + h)\U\ < 
2dikh^ times, there exists Z* C E{G) with |Z*| < + 2dikh‘^ ■ (Ak^h'^df -|- 

Y^kd^h+i ^ ^ such that either G — Z* has no //-immersion, or for every H- 
immersion L in G — Z*, there exists [A*j^,B*i\ E £ — Z* of order zero such 
that all branch vertices of L are in A}. We are done if the former happens. 
If the latter happens, the entire L is in G[H2] since [H^, B}\ has order zero. 
Dehne A* to be the union of A\ over all //-immersions L in G — Z*. Since 
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£ — Z* has order greater than zero, [A*, V(G) — A*] ^ £ — Z* has order zero 
and G[y4*] contains all if-immersions in G — Z*. This completes the proof. 


The following is the main lemma of this section. 

Lemma 3.9. For every graph H and for every positive integer k, there exist 
integers 9,w,f such that the following holds. If G is a graph that does not 
contain k edge-disjoint H-immersions and £ is an edge-tangle in G of order 
at least 9 controlling a K^-thorns, then there exist Z C E{G) with |Z| < ^ 
and [A,B] E £ — Z of order zero in G — Z such that G[B] — Z contains no 
H -immersion. 

Proof. Let p be the nnmber of components of H. We shall prove this lemma 
by indnction on p. When p = 1, this lemma holds by taking 0, w, f to be the 
nnmbers 0, w, ^ mentioned in Lemma [3.81 So we may assnme that p > 2 and 
the lemma holds for every graph with less than p components. 

Define J-i to be the set of graphs that can be obtained from H by adding 
an edge between different components. Define B 2 to be the set of graphs 
that can be obtained from H by snbdividing an edge and adding an edge 
between this new vertex and another component of H. Define to be 
the set of graphs that can be obtained from H by snbdividing two edges 
in different components and either adding an edge between those two new 
vertices or identifying the two new vertices. Let T = U U Note that 
\J^\ < \V{H)\‘^+\E{H)\\V{H)\ + 2\E{H)\‘^ < A\V{H)\\ Since every graph in 
E contains less than p components, by indnction, for every graph E E E and 
for every positive integer k, there exists 9p^k,WF^k,^F,k such that the lemma 
holds. For every positive integer k, define 9 = 

and f = J2p^p^F,k- We shall prove that the numbers 9,w and f satisfy the 
lemma. 

Let A; be a positive integer, and let G be a graph that does not contain 
k edge-disjoint iL-immersions and £ an edge-tangle in G of order at least 9 
controlling an iF.u,-thorns. Note that for every E E E, a.n F-immersion in 
G — Z is an i/-immersion in G — Z. By induction, for every E E E, there exist 
Zp E E{G) with \Zp\ < ^p and [Ap, Bp] E £ — Zp of order zero in G — Zp 
such that G[Bp] — Zp contains no F-immersion. Dehne Z = [J^^j^Zp and 
[G, D] = f]p^jrBp]. So [G, F] E £ — Z has order zero in G — Z 

and G[F] — Z contains no F-immersion for each E E E. Define [A, B] to be 
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the edge-cut in — Z of order zero in G — Z with the property that C ^ A 
such that A is maximal. Then G[B] — Z is connected by (El) and (E2). 

Suppose that G[B] — Z contains an if-immersion. Then for each i with 
1 < i < p, G[B] — Z contains an ifj-immersion (vr^^ where Hi is the i-th 
component of H, such that the images of 7 ry\..., 7 ry^ are pairwise disjoint 
and the images of 7 r^\..., 7 r^^ are pairwise edge-disjoint. Since G[B] — Z 
is connected, there exist distinct i,j and a path P in G[B] — Z from a 
vertex in the image of to a vertex in the image of But it implies 
that G[B] — Z contains an F-immersion for some F G F, a contradiction. 
Therefore, G[B] — Z contains no F-immersion. ■ 

4 Edge-tangles in 4-edge-connected graphs 

A m X n grid is the graph with vertex-set {1, 2,..., n} x {1,2,..., m} and 
two vertices {x, y), (x', y') are adjacent if and only if \x — x'\ + \y — y'\ = 1. An 
F-immersion [ 71 ^, 71 ^) is an H-subdivision if for every pair of edges 61,62 of 
H, 7r^;(6i) n 7 r£;( 62 ) F 7iv{S), where S is the set of the common ends of 61 , 62 . 
It is easy to see that every graph containing a r x r grid-minor contains a 
r X r wall-subdivision. We say that a tangle T is induced by a r x r wall- 
subdivision (tivjTIe) if for every {A,B) G T, F(F) intersects every path in 
the image of tt^ of all edges of a row. 

One corollary of the following restatement of [9l (2.3)] is that every graph 
with a tangle of large order contains a large grid minor and hence contains 
a subdivision of a large wall. 

Theorem 4.1. (2.3)j Let 9 > 2, and let T be a tangle in G of order at 

least IfT'ffT is a tangle of order 9, then T' is induced by a 9 x9 

wall-subdivision. 

For every positive integer r, the diagonal vertices of the 2r x r wall are 
the vertices {{2i — l,i) '■ f < i < r}. 

Lemma 4.2 ([U (1.5)]). For every g > I, there exists b > 0 such that the 
following holds. Let be a wall-subdivision in a graph G, and let S be 

a subset of the image of Tiy of the diagonal vertices of the wall such that for 
every pair of distinct vertices x, y in S, G contains four edge-disjoint paths 
from X to y. If [S'! > b, then there exists a g x g grid-immersion {ey^t^'e) in 
G such that the image of Ey is contained in S. 
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In fact, in pQ, Chudnovsky et al. proved that the grid-immersion 
mentioned in Lemma 14.21 is a “strong immersion.” We omit the dehnition 
of strong immersions as we do not need this notion in the rest of the paper. 
Bnt we remark that every iL-strong immersion is an if-immersion. On the 
other hand, if we do not require be a strong immersion, we 

can strengthen Lemma 14.21 by showing that the mentioned wall-subdivision 
(vTy, vte) can be replaced by a wall-immersion. 

Lemma 4.3. For every g > 1, there exists b > 0 such that the following 
property holds. Let {tiv-iT^e) be a wall-immersion in a graph G, and let S be 
a subset of the image of Tiy of the diagonal vertices of the wall such that for 
every pair of distinct vertices x, y in S, G contains four edge-disjoint paths 
from X to y. If \S\ > b, then there exists a g x g grid-immersion (vr^, tt^) in 
G such that the image of 'Ey is contained in S. 

Proof. Let G' be the graph obtained from G by subdividing every edge once. 
Let H be the graph obtained from L{G') by adding a vertex adjacent to 
every vertex in cl(n) for each v G V{G) C V{G'). Then it is clear that H 
admits a wall-subdivision {Ey^E'f) such that Ey{S) = {«« : s G S}. Note 
that for every non-loop edge e in G with ends x, y, there exists an edge in H 
with one end in l/(cl(a;)) and one end in l/(cl(?/)), and we also denote this 
edge in H as e. Since every wall does not contain a loop, the image of of 
each edge is path in H. 

For every pair of distinct vertices x, y of S', there exist four edge-disjoint 
paths Pi, P 2 , P 3 , Pi in G from x to y, so it is clear that there exist four 
paths Qi, Q 2 , Q 3 , Qa in H from to Uy such that E{Qi) contains E^Pf) for 
1 < i < 4. If we choose those paths Qi,...,Qi such that the sum of their 
length is minimum, then Qi,...,Qi are pairwise edge-disjoint. Therefore, 
by Lemma 14.21 H admits a. g x g grid-immersion (vr^, e'^) such that the 
image of Ey of the grid is contained in : s G S'}. Then by contracting 
{ms} U c1(s) in H for each s & S into s and contracting cl(n) in H into v for 
each V G V{G) — S, G admits a g x g grid-immersion (7ry,7r^) such that the 
image of vTy is {s G S' : Ug is in the image of Ey}. This proves the lemma. ■ 

The following lemma shows that every 4-edge-connected graph with an 
edge-tangle induced by an immersion of a large wall has an edge-tangle con¬ 
trolling a complete graph-thorns. 

Lemma 4.4. For every positive integers 6 and t, there exists a positive in¬ 
teger w such that the following holds. If G is a f-edge-connected graph and 
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8 is an edge-tangle in G of order w induced by a w x w wall-immersion, 

then there exists an edge-tangle 8 ' 8 of order at least 6 in G controlling a 

Kt-thorns. 

Proof. We may assume that 6 > 2t. Let w be the number b mentioned 
in Lemma 14.31 by taking g = 26. Denote the w x ta-wall by W and denote 
the 29 X 29-gTid by R. Let S be the set of diagonal vertices of W. Let 
(TryjTTe) be a hh-immersion in G inducing 8 . By Lemma SSI G admits a 
/^-immersion (vry,7r^) such that 7 iy{V{R)) is contained in 7rv'(5'). Dehne 8 ' 
to be the collection of all edge-cuts [A, B] of G of order less than 9 such that 
B contains the image of Ti'y of all vertices of a column and a row of R. Since 
R contains a 29 x 20-wall as a subgraph, 8 ' is an edge-tangle in G of order 

9 by Lemmas 12.71 and 12.91 For every 1 < i < t, dehne a{vi) to be the union 
of the image of tt^ of the i-th column and the i-th row of R, where we write 
V{Kt) = {vj ■ I < j <t}. So a is a iF^-thorns. 

We claim that 8 ' controls a. Suppose that there exist [A, B] G 8 ' with 
order less than t and v eV (Kt) such that V {a{v))r\B = 0. Since [A, B] e 8 ', 
B contains the image of ir'y of a column of R. Since a{v) intersects the image 
of Tiy of each column, B nV (a(u)) 7 ^ 0, a contradiction. Hence 8 ' controls a 
TFt-thorns a. 

It suffices to prove that 8 ' 8 to complete the proof. Let [A, B] G 8 ', so 

the order of [A,B] is less than 9. Since 7 iy(y{R)) C 7 iv{S) and B contains 
the image of vTy of all vertices of a row of R, B contains at least 29 vertices 
in 7ry(S'). Suppose that [B,A\ G 8 , then A contains the image of vry of all 
vertices a column of W. So the order of [A, B] is at least 20, a contradiction. 
This proves that [A, B] ^ 8 . m 

Lemma 4.5. For every positive integers 9 and d, there exists an integer w 
such that if 8 is an edge-tangle in a graph G of order at least w, then either 
there exists u G H(G) incident with at least d edges in G such that u G H for 
every [A, B] G 8 e, or 8 q is induced by a 9 x 9 wall-immersion, where 80 is 
the edge-tangle in G of order 9 such that 8 e F 8 . 

Proof. Let 9' = and w = 20^'^^'^. Denote the 9' x 9' wall by W. 

Assume that 8 is an edge-tangle in G of order at least w. By Lemma 12.31 
T is a tangle of order at least w/3 — 1 > in L{G). For every 

integer t, let 8 t be the tangle in L{G) of order t with 8 t C 8 . By Theorem 
an 80 ' is induced by a PF-subdivision {Tiy,'KE). 
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Assume that there exists v G V{G) such that cl(u) contains at least {29dY 
vertices in TiyiV {W)). So |cl(n)| > {29dY and v is incident with at least 
{29dy > d edges in G. Suppose that there exists an edge-cut [A,B] G £e 
such that n G A. We may assume that the order of [A, B\ is as small as 
possible. Dehne B' to be the subgraph of L{G) induced by the vertices of 
L{G) corresponding to the edges of G incident with vertices in B, and dehne 
{A\B') to be the separation of L{G) such that V^(A') fl V{B') consists of 
the vertices of L{G) corresponding to the edges with one end in A and one 
end in B, and subject to that, E{A) is maximal. Since the order of [A, B] is 
minimal, (A', B') is normalized. Since v is incident with at least {29d)‘^ > 9 
edges in G, there exists an edge of G incident with v having both ends in A. 
So cl(n) C V{A') and [A, B] is the partner of (A', B'). Therefore, (A', B') G 8 
and A' contains {29dY vertices in i^viYiW))- The former implies that V{B') 
contains the image of Try of all vertices of a row and a colnmn of W] the 
latter implies that V (A') contains the image of Try of some vertices in either 
at least 29d rows of W or at least 9d columns of W. Hence, the order of 
(A', B') is at least 9d > 9. This implies that the order of [A, B] is at least 
9, a contradiction. So n is a vertex of G incident with at least {29d)‘^ > d 
edges in G such that n G H for every edge-cut [A, B] G 8g. Therefore, we 
may assume that for every v G V{G), cl(n) contains at most {29d)‘^ vertices 
in 7rv{V{W)). 

Dehne ITo = W, to = 6*', and = (7ry,7r£;). For i > 0, dehne 

ti+i = tij (46*^(i^), dehne Wi+i to be the 9'xti+i wall, and dehne 
to be the ITj+i-snbdivision in L{G) snch that {Wi+i)) C T^^iViWi)) 

and UeeEiWi+i) ^ UeeE(Wi) (®) distinct vertices x,y 

in the hrst i-th rows of W+i are contained in the same cl(n) for some v G 
V{G). Note that each Wi exists as for every v G H(G), cl(n) contains at 
most {29dY vertices in nviV{W)). So (TTy^TTg^) is a 6*' x tg wall-subdivision 
in L{G) snch that for every v G V{G), cl(n) contains at most one vertex in 
T^y\v{Wg)). Note that tg > 9'/{A9‘^d‘^Y > 9, so there exists a 6* x 6*-wall 
snbdivision {7Tv,71%) in L{G) snch that for every v G V{G), cl(n) contains at 
most one vertex in the image of TTy. 

Denote the 9x9 wall by W. Now we dehne a hF'-immersion (vry,7r^) 
in G. Dehne TTy to be the fnnction that maps each vertex of x of W to the 
vertex n of G such that 7ry(x) G cl(n); dehne to be the fnnction that maps 
each edge e of W to the path in G with the edge-set equal to the vertex-set 
of 7r|;(e). It is clear that {7iy,7i'^) is a hF'-immersion in G. It is snfhcient to 
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show that (TTyjTT^) induces Eg. Let [A,B] G Eg. Let E” be the edge-tangle 
induced by (7ry,7r^). We shall prove that [A,B] G E". 

We hrst assume that the only isolated vertices in G[A\ and G[B] are the 
isolated vertices of G. Dehne B' to be the subgraph of L{G) induced by the 
vertices of L{G) corresponding to the edges of G incident with vertices in 
B, and dehne (W, B') to be the separation of L{G) such that V{A') fl V(B') 
consists of the vertices of L(G) corresponding to the edges with one end in 
A and one end in B, and subject to that, B(A) is maximal. Since for every 
non-isolated vertex v of G, it has a neighbor in the same side of the edge- 
cut, every vertex in V(A') fl V{B') is adjacent to a vertex in V{A') — V{B') 
and a vertex in V{B') — V{A'). So {A\B') is normalized and [^,5] is the 
partner of {A',B'). Since [A, B] G Eg, {A',B') G Eg. Since Eg' is induced by 
a W-subdivision E{B') intersects every path in the image of tie of 

all edges of a row of W. Since the order of {A', B') is less than 9 and W is a 
9' X 9' wall, V(B') — V(A') contains at least 9' — 9 vertices in the image of 
Ey of the vertices of a row of W. Hence, B contains at least (9' — 9)/{A9‘^(f) 
vertices v oi G such that the union of cl(w) over such vertices v contains at 
least 9' — 9 vertices in the image of ny of the vertices of a row of W. Since 
E” has order 9, either [A, B] or [B, A] is in E". Suppose that [B, A] G E". 
So A contains the image of Ey of all vertices of a row of W. Hence, V{A') 
contains 9 vertices v such that the union of cl(w) over all such vertices v 
contains at least 9 vertices in the image of Ey of the vertices of a row of W. 
However, Since {Ey,EE) is a W-subdivision, the order of {A',B') is at least 
min{0' — 9,9} > 9, & contradiction. Therefore, [A, B] G E”. 

Now we assume that some isolated vertex v of G[A\ or G[B] is not an 
isolated vertex of G. In other words, there exists a vertex of u of G such that 
all edges incident with v are between A and B. In particular, v has degree 
less than 9. So [{w},H(G) — {v}] G Tg fl E” by (El) and (E3). We may 
assume that [A, B] is an edge-cut such that the number of such vertices v is 
as small as possible. If w G H, then [A — {n}, B U {w}] G Eg since Eg satishes 
(E2). And the minimality of [A, B] implies that [A — {w}, H U {v}] E E" Eg. 
Since E" satishes (E2) and A fl (H U {w}) fl (V (G) — {n}) = 0, we have that 
[A, B] G E”. Similarly, if v E B, then [AU{w}, B — {n}] G Eg since Eg satishes 
(E2), otherwise [B — {t;},AU {v}], [A,B], [{t;},H(G) — {w}] are three edge- 
cuts in Eg such that (A U {w}) fl H fl {V{G) — {v}) = 0. And the minimality 
of [A, B] implies that [A U {v}, B — {v}] G E” fl Eg. Since E" satishes (E2), 
[A,B] E E" . This proves that Eg is induced by {E'y,E'^). m 
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Theorem 4.6. For every positive integers k and 6 , there exists a positive 
integer w such that if G is a f-edge-connected graph and £ is an edge-tangle 
in G of order at least w, then £0 controls a Kk-thorns, where £0 is the edge- 
tangle in G of order 9 such that £0 F £ . 

Proof. Let k and 9 be positive integers. We may assnme that 9 > k. For 
every integer t and for every edge-tangle in a graph, let £t be the edge- 
tangle in G of order t snch that £t F £. By Lemma 14.41 there exists a 
positive integer wi snch that if G is a 4-edge-connected graph and £' is an 
edge-tangle in G of order at least Wi indnced by a tci x wi wall-immersion, 
then £g controls a iFfc-thorns. Note that it implies that Wi > 9. By Lemma 
14.51 there exists a positive integer w snch that if G is a 4-edge-connected 
graph and £ is an edge-tangle in G of order at least w, then either there 
exists a vertex v G V (G) incident with at least k edges of G snch that v E B 
for every [A, B] G or i^io^is indnced by a tci x wi wall-immersion. 

Now let G be a 4-edge-connected graph and £ an edge-tangle in G of 
order at least w. Let £' = £^ 1 - If £' is indnced by a wi x wi wall-immersion, 
then £'q controls a iFfc-thorns, and hence £0 controls a iF^-thorns. So we may 
assnme that snch a vertex v incident with at least k edges exists. Dehne a 
to be a iFfc-thorns snch that a{h) is an edge of G incident with v for each 
h G V{Kk). We shall prove that £0 controls a. Let [A,B] G £0 with order 
less than k. So [A,B] G £wi- Hence, v E B n V{a{h)) for every h E V{Kk). 
Therefore, £0 controls a iFfc-thorns. ■ 


5 Erdos-Posa property 

We say that a graph G is nearly f-edge-connected if G is connected and 
for every edge-cnt of G of order less than fonr, the edges between A and B 
are the parallel edges with the same ends. 

Lemma 5.1. If G is a nearly f-edge-connected graph, then there exist a tree 
T and a partition {Xt : t E V{T)} ofV{G) such that the following hold. 

1. For every t E V(T), G[W] either consists of the single vertex or is 
4 -edge-connected. 

2. If there is an edge of G with one end in and one end in Xt^ for 
some distinct ti,t 2 E V{T), then ti is adjacent to t 2 in T. 
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3. For every edge tit 2 ofT, there are at most three edges with one end in 
and one end in Xt^, and those edges are the parallel edges of the 
same ends. 

Proof. We prove this lemma by induction on |P(G)|. If G is 4-edge- 
connected or consists of the single vertex, then we are done by taking the 
tree on one vertex and the partition of V{G) with one part. This proves 
the base case and we may assume that the lemma holds for every nearly 4- 
edge-connected graph on less than |P(G)| vertices. So we may assume that 
there exists an edge-cut [A, B] of G of order less than four such that the 
edges between A and B are the parallel edges with the same ends m, n, say 
u ^ A and v E B. Clearly, G[A\ and G[B] are nearly 4-edge-connected. By 
induction, there exist trees Ta,Tb, a partition {Yt : t G V{Ta)} of A and a 
partition {Zt : t G V{Tb)} of B satisfying the three properties mentioned in 
the lemma. Let tu G V(Ta) and t^ G V(Tb) such that u G Xt^ and v G Xt^. 
Dehne T to be the tree obtained from the union of Ta and Tg by adding the 
edge tutv For every t G V{T), dehne Xt = Yt ii t E V{Ta), and Xt = Zt if 
t E V{Tb). Then T and the partition {Xt : t E V{T)} of V{G) satisfy the 
three properties mentioned in the lemma. ■ 

An isolated vertex in a graph is a vertex of degree zero. Now we are ready 
to address the Erdos-Posa property. 

Theorem 5.2. For every graph H with no isolated vertices, there exist func¬ 
tions / : (N U {0})^ —)■ N and : N —)■ N such that for every nearly f- 
edge-connected graph G, for every positive integer k and for every S <EV (G) 
containing no vertex of degree at least g{k), either G contains k edge-disjoint 
H-immersions, orG — S contains at least k—\S\ edge-disjoint H-immersions, 
or there exists Z C E{G) with \Z\ < f{k, lAI) such that G — Z does not con¬ 
tain an FI-immersion. 

Proof. Let FT be a hxed graph with no isolated vertices in this proof. Denote 
\V{H) I by h and the maximum degree of H by d. We shall prove this theorem 
by induction on \E{H)\. If H contains only one edge, then Ff = K 2 , so 
every graph G with at least k non-loop edges contains k edge-disjoint iF- 
immersions, and for every graph G with less than k non-loop edges, there 
exists Z C E{G) with \Z\ < k such that G — Z has no non-loop edge and 
has no iF-immersion. This proves the base case of the induction. We assume 
that the theorem is true for every graph H' without isolated vertices with 
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\E{H')\ < \E{H) \ and denote the corresponding functions / and g by fu' and 
qh', respectively. In particular, every nearly 4-edge-connected graph either 
contains k edge-disjoint if'-immersions or has a hitting set for if'-immersions 
of size at most fn'ik, 0). Dehne to be the function from NU{0} to M such 
that f'fj{k) = fH'{k,0) for every nonnegative integer k, where the sum is 

taken over all graphs if' with no isolated vertices having less edges than if. 

For every positive integer n, dehne 9n,Wn,^n to be the numbers 9,w,^, 
respectively, mention in Lemma [3.91 bv taking H = H and k = n. Note that 
9n > for every n. For every positive integer n, dehne g{n) = w + 3nhd, 
where w is the number w mentioned in Theorem 14.61 by taking k = Wn and 
9 = 9n- Dehne /(O, 0) = f{m, n) = 0 for every nonnegative integers m, n with 
m < Ti] f{m, m) = 2 /(m — 1, 0) -|- 2mg{m) + {2^^^ — 3)f'^{mg{m)) for every 
positive integer m; f{m,n) = 2f{m,n + 1) + 2g{m) -|- — 3)f'^irngigm)) 

for every integers m, n with m > n > 0. Note that f{m,n) > 2mg{m) + 
^ 2^+1 _ S)f'fj{mg{m)) for every m > 0. 

We shall prove that the functions / and g dehned above satisfy the con¬ 
clusion of the theorem by induction on (f — Ifl, —151). Let G be a nearly 
4-edge-connected graph that does not contain k edge-disjoint ff-immersions, 
and let S C V{G) containing no vertex of degree at least g{k). The theorem 
is obvious when f — |5| <0. This proves the base case. So we may assume 
that f — |5| > 1 and / satishes the conclusion for every pair {k',S') with 
(f' — |5'|, —15'|) < {k — |5|, —15|), where the pairs are compared by the lex¬ 
icographic order. Suppose that G is a counterexample. That is, G — 5 does 
not contain at least k — \S\ edge-disjoint ff-immersions, but it is impossible 
to delete at most f{k, |5|) edges from G to kill all ff-immersions in G. 

For every edge-cut [A, B] of G, dehne Ga and G^ to be the graph obtained 
from G by identifying B and A into one new vertex vb and va, respectively, 
and deleting the resulting loops. Dehne Sa = (5 fl A) U {vb} and Sb = 
(5 n ff) U {fyi}- Note that the degree of vb in Ga and the degree of va in 
Gb are the order of [A, B]. 

Claim 1: If there exist W C If(G), an edge-cut [A,B] of G of order less 
than g{k) and Zq C E{G) containing all edges between A and B such that 
G[A] — (W U Zq) and G[B] — (W U Zq) do not contain ff-immersions, then 
there exists Z with Zq C Z C E{G) and jZj < \Zq\ + ( 2 ^ — A)f'{kg{k)) such 
that G — {W U Z) has no ff-immersion. 

Proof of Claim 1: If ff is connected, then every ff-immersion in G — Zq 
must be in G)^] or G[B] as Zq contains all edges between A and B. So 
we are done by taking Z = Zq. Now we assume that ff is not connected. 
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Let Hi, H 2 ,Hp be the components of H, where p > 2. For every set / 
with 0 C / C [p], dehne Qj to be the disjoint union of Hi for all i E I. 
Since H has no isolated vertices, every iL-immersion intersecting Sa (or 
Sb) must intersects an edge incident with a vertex in Sa (or Sb)- Since 
every vertex in Sa has degree at most g{k) — 1 in Ga, for every I with 
(/) C I (Z [p], if Ga (or Gb, respectively) contains at least k+\SA\{g{k) — l) (or 
k+ |S's|(p(/c) — 1), respectively) edge-disjoint ^/-immersions, then G[A\ — Sa 
(or G[B] — Sb, respectively) contains k edge-disjoint Qz-immersions. Since G 
has no k edge-disjoint iL-immersions, for every I with 0 C / C [p], either Ga 
does not contain k + \SA\{g{k) — 1) edge-disjoint Q/-immersions, or Gb does 
not contain k + \SB\{g{k) — l) edge-disjoint (^[p]-/-immersions. As /c —IS"! > 1, 
max{|S'A|, |>S'b|} < [S'! -|- 1 < /c. So either Ga does not contain kg{k) edge- 
disjoint Qz-immersions, or Gb does not contain kg{k) edge-disjoint Q[p]-i- 
immersions. Each Qi has less edges than H and has no isolated vertices. 
So for every I with 0 C / C [p], there exists Zj C E{G) with |Z/| < 
fQiikg{k),0) + fQi^^_jikg{k),0) < 2f'jj{kg{k)) such that either Ga - Zj has 
no Qz-immersion or Gb — Zj has no (^[p]-/-immersion. Dehne Z = ZqU 
U0c/cb]^^- 1^1 - l^ol + (2^ - 2) • 2 fjp{kg{k)) < |Zo| -h (2'^ - 

4:)f'jp{kg{k)), since 2p < h. 

Suppose that G — (W U Z) contains an LT-immersion. Since Z contains 
all edges between A and B, and G[A\ — {W U Zq) and G[B] — (W U Zq) 
contains no iL-immersion, respectively, there exists I with 0 C / C [p] such 
that G[A\ — Z contains a Qz-immersion and G[B] — Z contains a Q\p\-i- 
immersion, contradicting the existence of Zj. This proves the claim. □ 
Claim 2: There exists no edge-cut [A, 5] of G of order less than g{k) such 
that each G[A\ — S and G[B] — S contains an iL-immersion. 

Proof of Claim 2: Suppose that there exists an edge-cut [A, B] of G of order 
less than g{k) such that each G[A] — S' and G[B] — S contains an iL-immersion. 
Recall that degc.^(us) < g{k) and degc^(uA) < g{k). Since each G[A\ and 
G[B] contains an TT-immersion, Ga and Gb contain at least two vertices. If 
Ga is not nearly 4-edge-connected, then there exists an edge-cut [df, R] of 
Ga of order at most three such that vb E Y and the edges between X and Y 
are not parallel edges with the same ends. But then [X, (Y — {u^}) UR] is an 
edge-cut of G of order at most three and the edges in between are not parallel 
edges with the same ends, a contradiction. So Ga is nearly 4-edge-connected. 
Since G[B] — S contains an R-immersion, G[A\ does not contain k — 1 edge- 
disjoint R-immersions and G[A] —S'a does not contain /c—lAI —1 edge-disjoint 


35 



if-immersions. If S' fl ii 7 ^ 0, then IS*^! < [S'! and Ga — Sa does not contain 
/c —|S'^| —1 edge-disjoint if-immersions; if SnB = 0, then IS*^! = |S'|-|-1 and 
Ga — Sa does not contain k — |S'a| = /c — IS"! — 1 edge-disjoint if-immersions. 
By induction, there exists Za C E{Ga) with \Za\ < f{k — 1 , |S'a|) for the 
former case and \Za\ < f{k, [S'! -|- 1 ) for the latter case, such that Ga — Za 
contains no if-immersion. In either case, |Z^| < f{k, [S'! -|- 1). Similarly, 
there exists Zb C E{Gb) with \Zb\ < f{k, [S'! -|- 1) such that Gb — Zb 
contains no if-immersion. Note that Za and Zb are subsets of E{G). Dehne 
Zq = Za^ Zb ^ Z', where Z' is the set of edges of G with one end in A and 
one end in B. Note that \Zq\ < 2f{k, [S'! + 1) + g{k). 

G[A\ — Zq and G[B] — Zq have no if-immersion and Zq contains all edges 
between A and B, so by applying Claim 1 by taking hh = 0, there exists Z 
with Zq C Z C E{G) and \Z\ < \Zq\ + (2^ — 4:)f'{kg{k)) < f{k, |S'|) such 
that G — Z has no if-immersion. This contradicts the assumption that G is 
a counterexample. □ 

Claim 3: For every edge-cut [A, B] of G of order less than g{k), exactly one 
of G[A\ — S 01 G[B] — S contains an if-immersion. 

Proof of Claim 3: Suppose to the contrary. So there exists an edge-cut 
[A, B] of G of order less than g{k) such that G[A\ — S and G[B] — S' do not 
contain if-immersions by Claim 2. Applying Claim 1 by taking W = S and 
Zq to be the set of the edges between A and B, we obtain Z C E{G) with 
\Z\ < g{k) + ( 2 ^ — A) f'^{kg{k)) such that G — {SA Z) has no ff-immersion. 

Let Z' be the union of Z and the set of edges incident with vertices in S. 
Since 1^1 < k-G jZ'j < \Z\ + {k-l){g{k)-l) < kg{k) + {2'^-A)f{kg{k)) < 
f{k, I S'!). Since if has no isolated vertices, G — Z' has no if-immersion, a 
contradiction. □ 

Dehne £ to be the collection of edge-cuts of G such that [A, B] & £ ii and 
only if it has order less than g{k) and G[B] — S contains an if-immersion. 
Claim 4: £ is an edge-tangle in G of order g{k). 

Proof of Claim 4: Claim 3 implies that £ satishes (El). Suppose that there 
exist edge-cuts [Ai, Bi], [A 2 , B 2 \, [A 3 , Bq] G £ with Bi n B 2 A B^ = 0. Then 
B 3 C A 1 UA 2 . Since G[ii 3 —Ai] is a subgraph of G[A 2 ], G[B 3 —Ai] — S contains 
no if-immersion. Since G[Ai] — S contains no if-immersion, G[B 3 fl Ai] — S 
does not contain if-immersion. Let Zi be the set of edges between Aj and 
Bi for each i = 1,2,3. By Claim 1, there exists Z' with Zi C Z' C E{G) 
and \Z'\ < |2’i| -|- (2^ — A)f'{kg{k)) such that Gffis] — {Z' U S) contains no 
if-immersion. Hence again by Claim 1, there exists Z" with Z' A Z 3 C Z" C 
E{G) and \Z"\ < \Z' U Z 3 I + {2^ - A)f{kg{k)) < 2g{k) + 2(2^ - A)f{kg{k)) 
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such that G — {Z" U S) contains no iJ-immersion. Let Zs he the set of edges 
incident with vertices in S. Then G — iZ" U Zg) has no if-immersion, since 
H has no isolated vertices. We are done since Z” U Zs has size at most 
{k + l)g{k) + (2^+^ — 8 )f'{kg{k)) < f{k, 151). So S satishes (E2). 

Finally, if there exists [A, B] E S such that there are less than g{k) edges 
incident with B, then G[B] — [E{G[B]) U S) has no ii-immersion. By Claim 
1, there exists Z C E{G) with jZj < 2g{k) + (2^ — A)f'{kg{k)) such that 
G — {Z U S) has no ii-immersion. Since \Z U Zs\ < {k + l)g{k) + (2^ — 
4:)f'{kg{k)), it is a contradiction and hence S satishes (E3). Therefore, £ is 
an edge-tangle in G of order g{k). □ 

Let T be the tree and V = {Xt : t E V{T)} the partition of V{G) 
satisfying Lemma 157X1 We call Xt the bag at t. For each edge e 6 E(T), 
there exists an edge-cut [Ae, Be] of G such that each Ag and Bg is the union 
of the bags of the vertices in a components of T — e. So [Ag, B^ has order at 
most three and the edges between Ag and Bg are the parallel edges with the 
same ends. Since £ is an edge-tangle of order greater than three, [Ag, iig] E £ 
or [Bg, y4e] E £ but not both. If [Ag, B^ E £, then we direct e such that Bg 
contains the bag of the head of e; otherwise, we direct e in the opposite 
direction. Hence, we obtain an orientation of T and there exists a vertex t* 
of T with out-degree zero. 

Claim 5: There exist a set R of loops of G[Xj»] with |ii| < {k — l)hd and 
a set t/ E(T) with \U\ < {k — l)hd such that every edge in U is incident 
with t*, and for every ii-immersion (vry, tte) in G, one of the following holds. 

• The image of tie contains a non-loop edge of G[Xt*]. 

• The image of tte contains an edge in R. 

• The image of tte is contained in G[He] or contains an edge of G between 
Ag and Bg for some e E U. 

Proof of Claim 5: By taking short-cuts of paths, for every ii-immersion 
(vTy, tie) in G, there exists an ii-immersion (vTy, tt^) in G such that Tiy = Try 
and the image of tt^ is contained in the image of tie such that for every edge x 
of H, there are at most two edges e of T incident with t* such that the image 
of tt'e{x) intersects G[He]. Therefore, for every ii-immersion tt = (vry, tte) in 
G in which the image of tie does not intersect non-loop edges of G[Xt*], there 
exist an ii-immersion (tt^, tt^) in G and a set of edges of T incident with 
t* and |lT 7 r| < hd such that the image of tt^ does not intersect any non-loop 
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edges of Be\. Hence, by an easy greedy algorithm, either there exist 

k edge-disjoint iJ-immersions tti, 712 ,..., tta; in G such that are 

pairwise disjoint, or there exist at most {k — l)hd edges of T incident with 
t* and at most {k — l)hd loops of G[Xt*] such that for each iJ-immersion 
(7ry,7r£;) in G where the image of tie does not contain any non-loop edge of 
G[Xt*], either fhV intersects for some 1 < i < A;, or the image of t^e 
contains one of the chosen loops of G[Xt*\. The former is impossible since 
G does not contain k edge-disjoint i^^-immersions. Let U be the set of the 
edges of T and R be the loops of G mentioned in the latter case. Then U 
and R satisfy the conclusion of this claim. □ 

Claim 6: For every [A, H] G T of order less than g{k)—3{k — l)hd, G[BnXt*] 
contains at least f{k, |S'|) — {k — l)g{k) — 4(/c — l)hd non-loop edges. 

Proof of Claim 6: Suppose that there exists [A, H] G T of order less 
than g{k) — 3{k — l)hd such that G[B fl Xt*] contains less than f{k, |S'|) — 
{k — l)g{k) — 4:{k — l)hd non-loop edges. Let U be the set of edges of T 
incident with t* and R the set of loops of G[Xt*] mentioned in Claim 5. Note 
that \U\ < {k — l)hd and |i?| < {k — l)hd. Let A' = AU IJgg^He and 
B' = B A fjeefz-^e- By (El) and (E2), [A\B'] G £. By Claim 5, for every 
LT-immersion {'Kvi'^e) in C, one of the following holds. 

• The image of t^e is contained in G[H']. 

• The image of t^e contains a loop in R or an edge between A' and B'. 

• The image of tie contains a non-loop edge of G[Xt*]. 

By the dehnition of T, G[A'] — S has no iL-immersion. Let Zs be the set 
of edges incident with vertices S. So \Zs\ < {k — l)g{k). Let Z^ be the 
set of the non-loop edges in G[Xt*] and the edges of G between A' and 
B'. Let Z = Zg A ZqA R. Therefore, G — Z has no iL-immersion. But 
\Z\ < [k — Rjgik) -f a; -I- |i?| -I- 3{k — l)hd < f{k, |S'|), where x is the number 
of non-loop edges of G[Xt*], a contradiction. □ 

In particular. Claim 6 implies that Xt* contains at least two vertices and 
G[Xt*] is 4-edge-connected. 

For every vertex v in Xt *, dehne S'„ to be the set of vertices u oi G — Xt* 
in which every path in G from u to Xt* contains v. Note that S'„ is empty 
if Ng{v) C Xt*. Dehne £' to be the set of edge-cuts [A\B'] of G[Xt*] of 
order less than g{k) — 3{k — l)hd such that [H', B'] G £' if and only if [A' U 
[Jv&A' Sv)B' U ^v] £ £■ We claim that S' is an edge-tangle of order 
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g{k) — 3{k — l)hd in G[Xt*]. Since the order of [A' U IJ^gA' V^v&b' 

equals the order of [A\B'], £' satishes (El). If there exist [A[.B'^ G £' for 
i = 1, 2, 3 such that A'-^AA^AA'.^ = Xt*, then = 

V{G), a contradiction. So £' satishes (E2). In addition, £' satishes (E3) 
since G[B fl Xt*\ contains at least f{k, 151) — {k — £)g{k) — A{k — l)hd > 
{k+l)g{k)—A{k—l)hd > 5f(fc)—3(fc — l)h(i non-loop edges for every [A^B] G £ 
by Claim 6. Therefore, £' is an edge-tangle of order g{k) — 3{k — l)hd in a 
4-edge-connected graph G[Xt*]. 

Dehne £k and 5^ to be the subsets of £ and £' consisting of edge-cuts 
of order less than 6*fc, respectively. By Theorem 14.61 controls a 
thorns a in G[Xt*]. Since a is in G[Xt*], £k controls a. By Lemma 13.91 
there exist Z* C E{G) with \Z*\ < ^k and [^,5] G 5^ C 5 such that 
G[B] — Z* has no iL-immersion. On the other hand, every iL-immersion in 
G intersects an edge incident with S by the dehnition of £. Therefore, every 
Lf-immersion in G intersects an edge in Z*AZs, where Zs is the set of edges of 
G incident with S. By Claim 1, there exists Z** with Z** C E{G) and \Z**\ < 
\Z*\ + \Zs\+g{k) + i2^-A)f{kgik)) < ^,+kg{k) + i2^-A)f{kg{k)) < /(fc, |5|) 
such that G — Z** has no iL-immersion, a contradiction. This completes the 
proof. ■ 

Theorem 11.11 is an immediate corollary of the following theorem, as every 
4-edge-connected graph is nearly 4-edge-connected. 

Theorem 5.3. For every graph H, there exists a function / : N —)■ N such 
that for every nearly f-edge-connected graph G, either G contains k edge- 
disjoint E[-immersions, or there exists Z C EifG) with |Z| < f{k) such that 
G — Z contains no E[-immersion. 

Proof. Let H' be the graph obtained from H by deleting all isolated vertices. 
For every positive integer k, dehne f{k) to be the number j\^^ k, 0), where 
is the function mentioned in Theorem 15.21 bv taking H to be H'. 

Let G be a nearly 4-edge-connected graph. If |E(G)| < \V{H)\, then 
clearly G does not contain an if-immersion. So we may assume that |E(G) | > 
\V{H)\. Hence, for every iL'-immersion (vry,7r^) of G, we can extend Tiy to 
an injection ny with domain V{H) by further mapping isolated vertices of 
H to some vertices of G not in the image of Tr'y such that {7ry,7rE) is an 
Lf-immersion in G. Therefore, for every integer k, G contains k edge-disjoint 
Lf-immersions if and only if G contains k edge-disjoint LT'-immersions. 
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Now fix A; be a positive integer. If G does not contain k edge-disjoint H- 
immersions, then G does not contain k edge-disjoint if'-immersions, so there 
exists Z C E(G) with \Z\ < 0) = f{k) such that G — Z has no H'- 

immersion by Theorem 15.21 But it implies that G — Z has no hA-immersions. 
This proves the theorem. ■ 

Now we prove Theorem 11.21 The following is the restatement. 

Theorem 5.4. For every graph H, there exists a function / : N —)■ N such 
that for every positive integer k, every graph G either contains k H-half¬ 
integral immersions (TTy^vr^^),..., (vry^vr^^) such that for each edge e of G, 
there exist at most two distinct pairs {i, e') with 1 < i < k and e' G E{H) 
such that e E 7r^^(e'), or there exists Z C E{G) with \Z\ < f{k) such that 
G — Z contains no H-half-integral immersion. 

Proof. For every graph R, dehne fR to be the function / mentioned in 
Theorem 15.31 by taking H = R. Let c be the number of components of 
H. For every i with 1 < i < c, dehne Ei to be the set of graphs con¬ 
sisting of i components of H. For every positive integers m > 2 and n, 
dehne /i(n) = (n — 1) max{/ij(n) : R E Ei} and dehne fm{n) = {km — 
l)fH{k) -\- fm-i{n). We claim that for every m with 1 < m < c, 

for every graph W E Em: and for every positive integer A;, every graph G 
either contains k IF-half-integral immersions (tt^^ such 

that for each edge e of G, there exist at most two distinct pairs (f,e') with 
1 < i < A; and e' E E{W) such that e G 7r^^(e'), or there exists Z C E{G) 
with \Z\ < fm{k) such that G — Z has no PF-half-integral immersion. We 
shall prove this claim by induction on m. 

Let G be a graph, and let G' be the graph obtained from G by duplicating 
each edge. Note that every edge-cut of G' has even order. If [A, B] is an edge- 
cut of a component of G' of order less than four, then it has order two and 
the two edges between A and B are parallel edges with the same ends. So 
every component of G' is nearly 4-edge-connected. 

Note that for every graph R, G' contains k edge-disjoint i?-immersions if 
and only if G contains k i?-half-integral immersions •••) Ee'^) 

such that for each edge e of G, there exist at most two distinct pairs (A, e') 
with 1 < i < A: and e' E E{R) such that e G 7r^^(e'). Similarly, if there 
exists Z' C E{G') such that G' — Z' has no i?-immersion, then G — Z has 
no i?-half-integral immersion, where Z is the set of edges of G which has a 
copy in Z'. Note that \Z\ < \Z'\. 
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Let W be an arbitrary graph in J^^n, and let fc be a positive integer. 
Suppose that G does not contain k hh-half-integral immersions (tt^^ 
(TTy^TTg^) such that for each edge e of G, there exist at most two distinct 
pairs (z, e') with 1 <i < k and e' E E{W) such that e G So G' does 

not contain k edge-disjoint hh-immersions. It suffices to show that there 
exists Z' C E{G') with \Z'\ < fm{k) such that G' — Z' has no fh-immersion. 

We hrst assume that m = 1. Let G'^^G'^-, ■■■,G'^ be the components of 
G' containing a W-immersion, and let ki be the maximum number of edge- 
disjoint hh-immersions in G\ for 1 < ^ < p. If then G' contains k 

edge-disjoint W-immersions, a contradiction. So Y7i=i particular, 

p < k. By Theorem 15.31 for every 1 < i < p, there exists Z^ C E{G'j) 
with |Z'| < fniki + 1) such that G' — Z' has no W-immersion. Therefore 
G' — Z' has no IT-immersion, where Z' = ljr=iNote that 
1-^1 — fnih -|- 1) < (A; — l)//f(fc) = fi{k). This proves the base case of 
the induction. 

Now we assume that our claim holds for every smaller m. Note that W 
has m components. Let ITi, IT 2 ,..., Wm be the components of W. For every 
i with 1 < z < m, dehne Si to be the set of components of G' containing an 
IFj-immersion. If |S'j| > km for every i with 1 < z < m, then G' contains 
km components Gj,...,Gjj^ of G' such that G Si for each z with 

1 < z < m and each j with 1 < j < A:. So G' contains k edge-disjoint 
IF-immersions, a contradiction. Therefore, there exists t with 1 < t < m 
such that |S't| < km. 

Dehne L to be the disjoint union of the components of G' in St, and 
dehne R = G' — V{L). Note that R has no IFt-immersion by the dehnition 
of St- If L does not contain k edge-disjoint IFt-immersions, then there exists 
Zt C E{L) with \Zt\ < gi{k) such that L — Zt has no IFrimmersion. Since 
Wt is connected, G' has no IF^immersion and hence has no IF-immersion. 
So we are done in this case. 

Now we assume that L contains k edge-disjoint IFt-immersions. Note 
that R does not contain k edge-disjoint {W — F(IFt))-immersions, otherwise 
G' contains k edge-disjoint IF-immersions. Note that IF — V{Wt) G Em-i- 
By the induction hypothesis, there exists Zr C E{G') with \Zii\ < fm-i{k) 
such that R — Zr has no (IF — F(IFt))-immersion. R — Zr has no IF- 
immersion. On the other hand, for each component G of L, G is nearly 
4-edge-connected and has no k edge-disjoint IF-immersions, so there exists 
Zc C E{G) with \Zc\ < fnik) such that G — Zc has no IF-immersion. 
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Define Zq = ZfiU[J Zc, where the second nnion is taken over all components 
C of L. Therefore, \Zq\ < fm-iik) + {km — l)///(fc), and R — Zq and C — Zq 
do not contain a IV-immersion for every component C of L. 

Let ^ be the number of components of L. Dehne Qq = R and dehne Qi to 
be the Tth component of L, for every 1 < i < i. Note that Q^ — Zq has no W- 
immersion for every 0 < i < i. We say that {Pq, Pi, Pi) is a {i+1)-partition 
of [m] if Pq, Pi, ..., Pi are pairwise disjoint (possibly empty) proper subsets of 
[m] with “ [^]- Since G' has no k edge-disjoint W-immersions, for 

every {i l)-partition V = {Pq, ..., Pi) of [m], there exists j with 0 < j < £ 
such that Qj does not contain k edge-disjoint (UiePj hLi)-immersions, so there 
exists Z-p C E{Qj) with \Zp\ < f\p.\{k) such that Qj — Zp has no (IJigP' 
immersions. Dehne Z* to be the union of Zq and Zp for all {£-\- l)-partitions 
V of [m]. Note that \Z*\ < \Zq\ + — l)max{fj{k) : 1 < j < 

m-1} < fm-i{k) + {km - l)fH{k) - l)fm-i{k) < fm{k). 

We claim that G'—Z* has no W-immersion. Suppose that G'—Z* contains 
a W-immersion. Since Qi — Z* has no W-immersion for every 0 < i < £, 
there exists a {£ -\- l)-partition V = {Po,Pi, ...Pi) of [m] such that Qj — Z* 
contains a (Uigp lW)-immersion for every 0 < j < £. However, it contradicts 
the dehnition of Zp. This completes the proof of the claim. Consequently, 
fc is the function satishes the conclusion of this theorem. ■ 
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